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S.N. MRIAT, Un1'ver51'ty of North Carol1'na, Chapel Hl'll.

, *
The #Prores‘s1've LSuport Method for Convex #Proramln

A solutl'on to a convex problem P, to f1'nd a mx1'mum x— of f(x)

subJ'ect to g(x) < 0 where f(x), g(x) are functl'ons whl'ch are concave,

convex respectl'vely, 1's approached by solutl'ons of a serl'es of poly-

hedral convex problems Pm —- P(x] ,..., xm), where x 1'8 the solu-
l m

tl'on of Pm_1 —— P(x1 ,..., xm_l). The polyhedral problems, Sl'nce they

are express1'ble as standard ll'near problems, can be treated by the

Sl'mplex algorl'thm. The problem Pm 1's to f1'nd a mx1'mum xm+l of

fm(x) subject to gm(x) <_ 0, where

fm(x) —— m1'n[ol(x) ,..., om(x)],

gm(x) = maxtol(x) 90H, pm(x)].

and or(x), pr(x) are 11'near supports of f(x), g(x) at xr. The func-

tl'on fm(x) defl'nes a polyhedral concave functl'on c1'rcumscr1'bed to

the concave functl'on f(x) at the po1'nts x1 ,..., xm. Sl'ml'larly,

gm(x) 1's a polyhedral convex funct1'on c1'rcmscr1'bed to g(x) at the

p01'nts. Then Pm 1's a polyhedral convex problem and defl'nes a sup-

port for P based on p01'nts x1 ,..., xm.

“1's process, w1'th a dl'fferent formulat1'on but no essentl'al

dl'fference, 1's exh1'b1'ted by the Algorl'thm IV of Cheney and Gold-

stel'n [1]. They c1'te earll'er appearances of the ba51'c 1'dea, 1'nclud-

1'ng the cuttl'ng plane method of Kelley [2]. W1'th

@(x,t) -— maxEt - f(X), g(X)],

the problem P can be put 1'n a standard fom'.

maxEt.‘¢(x,t) S 0].

The presently con51'dered support method, as l't app11'es to the pro-

blem put 1'n thl's standard fom, gl'ves the sme process as Kelly's

method. There 1's a d1'ver51'ty of ways 1'n whl'ch the cuttl'ng plane

* SIM J. Numer. Anal. Vol.7, No. 3, September 1970.



 

pr1'nc1ple can be elaborated, and relatl've merl't must depend upon

pecull'arl'tl'es of the problem dealt w1'th. But a separate advantage

of the present development 1's that, 1'n an extended vers1'on, to be

con51'dered later, 1't can Sl'multaneously determl'ne dual solutl'ons

for problems w1'th several constral’nts. D1'scu351'on 1's also prov1'ded

for questl'ons such as concern the start1'ng procedure and the dec1'-

Sl‘on of boundedness and cons1'stency. 0f practl'cal 1'mportance 1's a

condensatl'on of the process whl'ch 1's p01'nted out, by whl'ch con—

stral'nts are retl'red as new ones are 1'ntroduced, so the succe551'-

vely treated ll'near problems remal'n strl'ctly ll'ml'ted 1'n s1'ze. Also

remarked 1's the advantageous appll‘catl’on of the process to ll'near

problems whl'ch have a large number of constral'nts.

[I] E.W. CHEMY and A.A. GOLDSTEIN, Newton's method for convex pro-

graml'ng and Tchebycheff approx1'mat1'on, Numer. Math.,

1(1959), PP. 253-268.

[2] J.E. ELLEY, The cuttl'ng plane method for solv1'ng convex pro-

grams, SIM J. Appl. Math., 8(1960), pp. 703-712.

LEIF_MPELGMN, Sale’n Shl'ppl'ng Companl'es, Stockholm.

The colum generatl'on part of th1's algorl'thm 1's descrl'bed 1'n

Transp. Sc1'ence 3, No. I, 1969. As th1's LP algorl'thm does not

guarantee 1'nteger solutl'ons, a branch—and-bound algorl'tm has been

added.

The problem concerns the 3551'gment of a set of vessels to a set

of cargoes. It 1's assumed that two cargoes are never carrl'ed sx'mul-

taneously by the same vessel. The cargoes are characterl'zed by Sl'ze,

type, loadl'ng and d1'scharg1'ng ports and dates. The vessels have

d1'fferent s1'ze, type, speed and 1'n1't1‘al p051't1'on.



 

The colm generatl'on algorl'tm 1'terates between a mster LP rou-

t1'ne and a subprogram us1'ng dynaml'c progrm1’ng. In the dynml'c

progrml'ng routl'ne, an optl'mal path 1's generated for each vessel

u51'ng cargo values obtal'ned from the dual varl'ables of the master

program. The master program combl'nes the prev1'ously generated ves-

sel paths 1'nto an optl'mum schedule under the constral'nts that each

vessel follows exactly one path and that each cargo 1's carrl'ed

exactly once.

If the plannl'ng perl'od 1's so short that each vessel can carry one

cargo durl'ng the per1'od, the LP problem 1's an ord1'nary as31'gment

problem whl'ch always has an optl'ml 1'nteger solut._'1on. Thl's 1's not

the case, however, when the vessels can carry sequences of two or

more cargoes durl'ng the perl'od. In the branch-and~bound algorl'thm,

one fractl'onal varl'able 1's selected from the prev1'ous solutl'on.

1, C2 ,...,

1's selected,

Thl's varl'able corresponds to a spec1'f1'c cargo sequence C

for a spec1'f1'c vessel V. One of these cargoes, say C I!

and a branchl'ng 1's made 1'nto the two alternatl'ves that Vessel V

. The colum generatl'on algorl'thm 1'smust/must not carry cargo C 1
then appll'ed on these alternatl'ves, wh1'ch are controlled by varl'a-
 

for vessel V 1'n the dynml'c program-tl'on of the value of cargo C 1
ml'ng routl'ne. If even the new solutl'ons are fractl'onal, a new vessel/

cargo combl'natl'on 1's selected and the process 1's repeated.

The algorl'thm 1's presently run on a CD 6600 computer where the run-

n1'ng tl'me unt1'1 the fl'rst LP opt1'mum 1's approx1'mate1y fl've ml'nutes

for a Sl'x week problem w1'th about 110 vessels and 120 cargoes. The

branch-and-bound algorl'thm has to be used when the fl'rst LP opt1'-

mum 1's fractl'onal, whl'ch 1't 1's 1'n about 50 70 of the cases for thl's

problem Sl'ze. In these cases between two and ten constral'ned pro-

blems have to be solved, but the runn1'ng t1'me for these problems

1's only about 10 7a of the t1'me for the 1'n1't1'al solutl'on Sl'nce they

use the prev1'ously generated LP mtrl'x and the old solutl'on as a

startl'ng baSL's.



 

MOmECAI AVRIEL, Technl'on, Hal'fa.

Non11'near #Proram1'n w1'th r-convex Functl'ons.
 

In recent years several exten51'ons and generall'zatl'ons of con-

vex functl’ons have appeared l'n the mathematl'cal program1'ng ll'te-

rature. The purpose of thl's paper 1's to present a un1'f1'ed theory of

nonll'near programs 1'nvolv1'ng a large class of functl'ons 1'nc1ud1'ng
. , *

convex functlons and most of the know exten51ons.

Denote by Mr(a], a2,' q) the wel'ghted rth mean of two nonnegatl've

numbers a1 and a2. Then we have the well know fomula,‘

/rMr<a], a2,- q) -— tql<a‘)r + q2<a2>r1‘

q1>—0,q2>—0.q]+q2=1

Let f be a real valued nonnegatl've functl'on defl'ned on a convex

subset C of Rn. We call f r-convex 1'f gl'ven x1 e C, x2 e C

f(q] x' + q2 x2) <_ Mr(f(xl). fcxz),- q)
for any two nmbers q] >_ O, q2 >_ 0 such that q1 + q2 — 1.

For r -— l the above relatl'on reduces to the defl'nl'tl'on of ordl'nary

nonnegatl’ve convex functl’ons. The well know relatl'on

l 2 1 2
Mr(a.a;q)<—M(a.a;q)s

for s > r determl'nes a rankl'ng of r-convex functl'ons culml'natl'ng

1'n qua51'convex functl'ons for r + + m.

In thl's paper we f1'rst present some algebral'c and geometrl'c proper-

t1'es of r-convex functl'ons, then d1'scuss necessary and suff1'c1'ent

condl'tl'ons for optl'mll'ty 1'n nonll'near programs w1'th r-convex func-

t1'ons. F1'na11y, relatl'ons between r-convex functl’ons and other knom

exten51'ons of convex1‘ty are developed.

*
e.g. pseudoconvex functl'ons.
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_flM.L.BMINSKI, C1'ty Un1'versx'ty of New York and IBM France, LVe.u1'lly-

sur-Sel'ne.

Con51'der the pal'r of dual ll'near programs (1‘n "canonr’cal form").'

(P) |/\ b, y >_ O} andmax{cy.' Ay

(D) m1'n{xb,' m >_ c, x >_ 0}.

mree condl'tl'ons are necessary and suff_1'c1'ent for y* and x* to be

optl'mal solut1'ons.‘ (1') y* feas1'ble ("pr1'mal fea51'b1e"), (1'1') x*

feas1'ble ("dual fea81'b1e"), and (1'1'1') x* (b - Ay*) + (x*A - C)‘y* —— 0,

1'.e., each tem of the sumatl'on has at least of 1'ts factors equal

to zero ("complementary orthogonall'ty").

The Sl'mplex method [4] begl'ns W1'th a fea51'ble y-solutl'on, a pal'red

x-solutl'on satl'sfyl'ng the complementary orthogonall'ty property, and

ma1'nta1'ns these cond1't1'ons whl'le workl'ng to obtal'n a fea51'ble x-so-

lutl'on. The dual Sl'mplex method [1] begl'ns w1'th a fea31'ble x-solu-

t1'on, a pal'red y-solutl'on satl'sfyl'ng the complementary property,

and m1’nta1’ns these condl'tl'ons whl’le workl'ng to obtal'n a fea81'b1e

y-solut1'on. The method of th1's paper f1'lls the ev1'dent gap.‘ 1't be-

gl'ns w1'th fea51'ble x- and y-solutl'ons and mal'ntal'ns these cond1'-

t1'ons whl'le workl'ng to obtal'n complementary orthogonall'ty. As such,

1't 1's related to recent work on "complementary p1'vot theory"

(e.g., [3], [6]) although the method 1'tse1f was 1'nsp1'red by the

ex1'stence of three 81'm1'larly related methods for transportatl'on

problems (e.g., a prl'mal method [I], a dual or Hungar1'an method [5],

a totally fea51'ble method [2]).

The 1'nterest of thl's approach 1's largely computat1’ona1.‘ 1'n 1'nstan-

ces where good 1'n1't1'a1 guesses at fe331'ble solutl'ons for both pro-

grams can be made - such as 1's the case for a pa1'r of ml'xed strate-



 

gL'es for matrl’x gmes or for L'ndustrl'al problems whl’ch are resolved

perl'odl'cally w1'th only sll'ghtly changed parameters - 1't would be

reasonable to expect that a method 1'mprov1'ng such good starts would

be preferable to methods wh1 ch "forget" half of th1's 1'nfomat1'on.

m experl'mental study 1‘s under way to evaluate th1's "expectat1’on"

and

[I]

[2]

[3]

[4]

[5]

[6]

[7]

w1'll be reported upon.

Ball’nskl', M.L. and R.E. Gomory, "A Prl'mal Method for the A331'gn-

ment and Transportatl'on Problems", #ManaementSc1'ence,

Vol. 10 (1964), pp. 578-593.

Brl'ggs, F.E.A., "A Dual Labelll'ng Method for the Transportatl’on

Problem", Operatl'ons Research, Vol. 10 (1962), pp. 506-517.
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Kuhn, H.W.."The Hungarl'an Method for the A851'gnment Problem",

Naval Research Logl'stl'cs Quarterly, Vol. 3 (1956), pp.

83-97.
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gram1’ng", #ManaementSc1'ence, V01. 11 (1965), pp. 681-689.

Lewe, C.E., "The Dual Method of Solv1'ng the L1'near Program1'ng

Problem", wNavalResearch L01'st1'cs Quarterl, Vol. 1

(1954), pp. 36-47.



 

JOSEPH L. BfiINTFY, Unl'verSL'ty of Massachusetts, Werst.

D1'ets.

Acceptable and economl'cal human d1'ets can be planned by mathe-

mtl‘cal programl'ng approaches and computers. The new techn1 que of-

fers Sl'gnl'fl'cant cost sav1'ng advantages w1'th nutrl'tl'onally control-

led dl'ets espec1'ally for volme feed1'ng systems and l'nstl'tutl'ons.

The problem 1's solved by constructl'ng mathematl'cal models for menu

plannl'ng. The varl'ables l'n these models are the Cartesx'an products

of the menu 1'tems and the days 1'nvolved 1'n a plannl'ng perl'od. The

constral'nts are derl'ved from dl'etary, palatabl'll'ty (varl'ety) and

structural con51'derat1'ons. The fomulatl'on leads to large scale and

presently unsolvable ml'xed 1'nteger progrm1'ng problems w1'th some

stochastl'c elements. A spec1'al multl'ple ch01'ce program1’ng algorx'tm

was developed and appll'ed to fl'nd near-opt1'mum menus by a fast mult1'-

stage solutl'on process. An alternatl've ll’near progrml'ng model w1'th

bounded varl'ables and heurl'stl'c schedull'ng was also found to be ap-

pll'cable 1'n certal'n cases. The rapl'd acceptance and appll'catl'on of

these models 1'n1't1'ated a new computer techology for the food ser-

v1'ce 1'ndustry.

 

E.M.L. BE£E and J.’l.. VIT, Sc1'ent1'f1'c Control Systems L1'm1'ted,

 

London .

4Select1’n subsets lb LDnml'c #Proraml'n.

In sp1'te of recent l'mprovements 1'n general m1'xed 1'nteger a1-

gorl'tMS (see for example Tomll'n (1970)), other procedures for fl'n-

d1'ng optl'ma to specl'al classes of non-convex problems remal'n L'mpor-

tant. One such class 1's the selectl'on of an optl'mal subset from a

fl'nl'te set of elements. M enmeratl've tree search method for such

problems 1's descrl'bed by Beale, Kendall and Mann (1967) and 1'n more

general tems by Beale (1970).



Gortsko (I966) dl'scusses a dynaml'c programl'ng approach to the

problem of depot locatl'on 1'n one dl'men51'on. At f1‘rst Sl'ght thl's work,

whl'le 1’nterest1'ng, seems out51'de the mal'nstrem of mathematl'cal pro-

gram1’ng. But thl's 1's not really the case. The problem reduces ma-

thematl'cally to the subd1'v1'31'on of a ll'ne 1'nto non-overlapp1’ng 1'n-

tervalls so as to ml'nl'ml'ze an obJ'ectl've functl'on con51'st1'ng of a

sum of functl'ons of the selected 1'ntervalls. (These functl'ons re-

present the cost of serv1'01'ng that partl'cular sectl'on of the ll'ne

from a Sl'ngle depot located 1'n the best posx'tl'on for thl's task).

For numerl cal dynaml'c progrm1’ng work we must select a f1‘n1'te num-

ber N of poss1’b1e break-po1'nts between succe551've 1'ntervals and We

must select an optl'mum subset out of them. Dynml'c programl'ng sol-

ves thl's problem very eas1'ly, because the obJ'ectl've functl'on C to

be m1'n1'm1'zed 1's of the form

(I)

where 1'0 —— 0, 1'] ,... l'r denote the selected p01'nts 1'n ascendl'ng

order, ir+1 —- N+l, and a].k denotes the cost assoc1'ated W1'th the

Sl'ngle 1'nterva1 from the J'-t-h to the k-t-h p01'nt.

Problems w1'th thl's prec1'se cost structure may be rare. But 1'n

many problems of selectr'ng a subset from some ordered set one can

defl'ne quantl'tl'es ajk such that

r+l
C>_C+Za1.i

k-—l k-l k
(2)

for any selectl'on. The quantl'ty C0 then represents the cost when

all p01'nts are selected, and ajk represents the net 1'ncrease over
. . . h th .thlS cost when all p01nts between the Jt and the k are om1tted.

Wen (2) holds, dmaml'c program1’ng can be used to prov1’de a

lower bound on the p0531'ble cost and a suggested selectl'on. Thl's

analySL's can be refl'ned b‘y uSL'ng a tree-search algorl'thm, contl'nu-



 

1'ng to a guaranteed optl'mum 1'f de31'red. The branches of tm tree

represent preselectl'ng a Sl'ngle p01'nt to be e1’ther l'n or out of the

f1'nal solutl'on. Wl'th any such preselectl'ons a new set of a. can beJk
computed such that (2) prov1'des a better bound on the cost of other

selectl'ons. Dmml'c programl'ng can therefore be used to evaluate

each node of the tree, and to derl've bounds on unexplored nodes.

[1] E.M.L. Beale (1970) "Selectl'ng m Optl'mm Subset" 1'n 4Inteer

QandNonll'near Progrm1’n. Ed1'ted by J. Abadl'e (North

Holland, msterdam).

[2] E.M.L. Beale, M.G. Kendall and D.W. Mann (1967). "Tm dl'scar-

dl'ng of varl'ables 1'n multl'varl'ate analy51's". Bl'ometrl'ka

_54 pp. 357-366.

[3] A. Gortsko (1966) Mathemat1'cal b1"odels and Optl'mal Plannl'ng,
Nauka Nov051'b1'rsk

[4] J. Tomll'n (1970) "Branch-and-Bound Methods for mteger and

Non-Convex Progrm1’ng", 1'n MInteerand Nonll'near Pro-

4grm1’n. Edl'ted by J. Abadl'e (North Holland, Msterdam).

WTIN J. BECWN, Technl'sche Hochschule, Mu“nchen,and Brom Un1'-
ver51'ty, Prov1'dence, and

MILASH C. WUR, General lfiotors Research Laboratorl'es, Warren,

M1'ch.

_On 4Duall't and #Con'uac _1'n Non-ll'near #Prorm1'n and some LA11'-

catl'ons.

 

The purpose of thl's paper 1's to prove and apply a duall'ty theorem

whl'ch 1's of con31'derab1e 1'nterest 1'n transportatl'on plannl'ng and

utl’ll‘ty analy81's.



 

lO

Duall‘t‘y Theorem

Let f(x) be concave and let the set (1) S —- [xlx —- O, Ax =< c] be

bounded. Then

ll(2) Sup f(x) '- f(xA)
x e S

Inf [u'c - ¢(u)]>
u = 0

where ¢(u) 1's 3 generall'zed conJ'ugate functl'on of f(x)

¢(u) —— Inf [u'M - f(x)].
x e S

(3)

Th1's duall'ty theorem d1'ffers from the conventl'onal ones by u31'ng the

conJ'ugate functl'on concept [Fenchel, Rockafellar]. Of course, thl's

functl'on 1's knom expll'c1'tly only 1'n spec1'a1 cases. Several w1'll be

d1'scussed here‘. The quadratl'c, the separable, and the Cobb-Douglas

cases 0

For a negatl've def1'n1'te quadratl'c obJ'ectl‘ve functl'on
. . . < ,f(x) -— 1/2 x'Qx + b'x w1th 11near constralnts M -— c the conjugate

functl'on turns out to be

Wu) = 1/2 (u'A — b') Q_l (Au — b)

and the dual problem 1's

[u'c - 5(u)] .

. < . . .and constralnts M —— c the conjugate functlon ls



ll

12.' “1'31'k

¢*(u) =2 I gk(p)dp
k 0

where the functl'ons gk(p) are the 1'nverse funct1'ons to pk(x). The
. . * . . .conjugate functlon ¢ 15 an alternatxve representatlon of a con-

swer surplus. Th1's has appll'catl'ons to transportatl'on systems plan-

nl'ng.

Appll'catl'on of quadratl'c, separable and Cobb-Douglas max1'm1'zat1'on

functl'ons are gl'ven to ut1'11'ty mx1'm1'zat1'on by households subJ'ect

to budJ'et constral'nt and to (unconstral'ned) profl't max1'm1'zat1'on by

fl'ms.

WELL BELMOM, me Johns Hopkl'ns Unl'vers1'ty, Baltl'more, and

H. DONfiD MTCLIFF, Me Unl’ver51'ty of Florl'da.

Set ACoverl'n and Involutory Bases.
 

Some new propert1'es assoc1'ated w1'th the spec1'al class of 1'nte-

ger programs know as wel'ghted set coverl'ng problems are derl'ved.

%1’le 1't 1's well know that an optl'mal 1'nteger solutl'on to the set

coverl'ng problem 1's a baSL'c fea51'ble solutl’on to the correspondl‘ng

ll'near progrm, we show that there ex1'sts an optl'mal b351's whl'ch 1's

L'nvolutory (1'.e., B —— B-l).

Th1's property and others are used to develop a new algorl'thm

wh1'ch uses strong cuttl'ng planes. The cuttl'ng planes are strong 1'n

the sense that they exclude both 1'nteger and non 1'nteger solutl‘ons.

Computatl'onal experl'ence 1's presented.
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Kw.BENAYOUN J. de MONTGOLFIER J. TERGM, SM (Metra Internatl’onal),

ParisJ and

0. LMITCHEV, ProfSOJ'usnaJ'a 81, Moscow.

 

L1'near #Proraml'n w1'th 4Mult1le #Ob'ectl've Functl'ons

Th1's paper descrl'bes a solutl'on technl'que for L1'near Progrml’ng

problems w1'th multl'ple obJ'ectl've functl’ons. In thl's type of pro-

blem 1't 1's often necessary to replace the concept of "opt1'mum" w1'th

that of ~"best comprom1'se". In contrast w1'th method deall'ng w1'th a

prl'orl' wel'ghted sms of the obJ'ectl've functl'ons, the method descr1'-

bed h°_re 1'nvolves a sequentl'al exploratl'on of solutl‘ons. Thl's ex-

ploratl'on 1's gul'ded to some extent by the dec1'51'on make_r who l'nter-

venes by means of defl'ned responses to prec1’se questl'ons posed by

the algorl'tm. Thus, 1'n th1's manmodel smb1'051's, phases of compu-

tatl'on alternate w1'th phases of dec1'31'on. The process allows the

dec1'51'on maker to "1earn" to recogn1'ze good solutl’ons and the rela-

tl've 1'mportance of the obJ'ectl'ves. The f1'nal dec1'31'on (best compro-

m1'se) furnl'shed by the manmodel system 1's obtal'ned after a ml'nl'mum

of succe551've optl'ml'satl'ons.

firee maJ'or classes of problems are env1'saged.' those where the re—

latl've 1'mportance of the obJ'ectl've functl’ons 1's quantl'fl'ed, where

1't 1's known but not quantl'fl'able, and where 1't 1's completely un—

know. In every case, the 1‘nterven1’ng phases of computatl on, gu1'-

dl'ng the ewloratl'on of solutl'on space, are ea51'ly programed on

the computer. The method 1's l'llustrated by an appll'catl'on 1'n Man—

power Management. The model 1's a LP w1'th four dl'fferent ll’near ob-

J'ectl've~funct1'onS'.

1. Employee satl'Sfactl'on,’

2. Employee effl'c1'ency,‘

3. Costs (salary, recru1’t1'ng, tra1'n1'ng,...),'

4. "Slack" between progrme allocatl'ons and forecast staff requl're-
ments .



13

A practl'cal nmerl'c example 1's examl'ned, w1'th the help of a stan-

dard Ll'near Progrm1‘ng code.

MW.BENICHOU J.M. GAUTHIER P. GIRODET G. HENTGES G. RIBIEM,

O. VINCEM, IBM France, Par1's.

Ml'xed I4nteer Ll'near P#rogram1'n.
 

Thl's paper f1'rst presents a branch-and-bound type method for sol-

v1'ng ml'xed 1'nteger ll'near programl'ng problems,‘ new rules for bran-

chl'ng and boundl’ng are used.

Thl's method has been 1'mplemented l'n a code, whl'ch appears as a mo-

dule of the IBM Mathemat1'cal Programl'ng System/360. The 1'mplemen-

tatl'on presents orl'gl'nal features to g1've full eff1'c1'ency to the

branch-and-bound search. Nmerous parameters 1'n the code enable the

user not only to produce and prove optl'mal 1'nteger solutl'ons but

also to explore the set of 1'nteger solutl'ons.

At last, exten31've numerl'cal results and comparl'sons between var1'-

ous rules of branchl'ng and bound1'ng are presented.

Several models of real problems have already been solved. See at-

tached fL'rst results where'.

Problem 1, 2, 3, 4 are 1'nvestment models

Problem 5, 1'5 the model of a bank

Problem 6, 1'3 a productl'on plannl'ng model.
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BEmm BEEN, Academy of the Soc1'a11'st Republl’c of Romanl'a,

Bucharest.

The problem of determl'nl'ng the probab1'11'ty d1'str1'but1'on and

(or) the moments of the optl'mum of a 11'near progrm w1'th random

coeffl'cl'ents w1'th respect to an a p'~r1'or1' d1‘str1'but1'on (d1'str1'bu-

t1'on problem) 1's solved 1'n pr1'nc1'ple [11,- but no eff1'c1'ent nmer1’-

cal method was publl'shed except when such coeffl'cl'ents are affl'ne

functl'ons of a Sl'ngle random varl'able [2].

Here such a method 1's proposed whl‘ch 1's operatl'onal 1'f the nm—

ber of random varl'ables on whl'ch the coeff1'c1'ents (whl'ch my all

be random) depend 1's not too large. However, the 11'm1'tat1'ons on the

d1'men31'ons of the progrm 1'ts.elf a_re only those 1'mposed by ex1'st1'ng

computers on ordl'nary 11'near progrms. The method 1's also appll'ca-

ble to nonstat1'onary stochastl'c progrml'ng (the d1'str1'but1'on of

the coeff1'c1'ents change w1'th t1'me) and 1't 1's show that the upda-

t1'ng of th1's dl'strl'butl'on 1'nvolves relatl'vely 11'tt1e add1't1'onal

runnl'ng t1'me.

The relatl'on between the d1'str1'but1'on problem a.nd the two-

stage program1'ng (recourse problem) [3], [4], computer 1'mplemen-

tatl'on of the algor1’thm (statl'onary and nonstatl'onary case), run-

n1'ng tl'me, error estl'mtl'on and eff1'c1'ency are d1'scussed. Smple

problems are gl'ven and some computat1'ona1 experl'ence reported.

The method 1's based on the follow1'ng. Let

(I) Y(E) = maxx c(€)x subject to A(€)x —_< ME).

x __> 0, where a 1'5 an absolutely contl'nuous random r-vector w1’th

ample space Ea, bk], k e 1—,r and the compone.nts of A(g), b(g),

C(E) are affl'ne functl'ons of E (perhaps prOJ'ectl'ons). Suppose that

(1) defl‘nes a random varl'able, e.g., we have a pos1't1've stochastl'c

progrm [I].
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In the nonstatl'onary case 5 1'3 replaced by a mu1t1'd1'mens1'onal sto-

chastl'c process w1'th dl'screte parameter {Et, t e T}.

Here after the 1'nd1'ces 1',J’,...,p take the 1'nteger values 1—,n

and k takes the values 1—,5, w1'th s —- r-l, and these 11'm1'ts w1'11 not

be 1'nd1'cated.

Let A1.n , hin be the coeff1'c1'ents and nodes of the standard

Gau331'an quadrature fomula w1’th n nodes, finl. -— 1/2 (bk-ak)hl.n +

+ —_ '5 _1/2 (ak+bk) and D 2 E (bk ak). Put

2 Z n n F n n n n
Fn(z) - D 1. ... P A1-....AP Y(zlxli,...,xsp)f(xll.,...,xsp),

9, z n n 2, n n n n
Mn D 1' ... p2 A1....AP M (ylxll.,...,xsp)f(xll.,...,Xsp),

where f(.) 1's the mrgl'nal den81'ty of the vector (5],...,gs) and

n n 2 n n
FY(z|xll.,...,xsp), M (ylx‘1.,...,xsp)

are the condl'tl'onal probabl'll'ty d1'str1'but1'on functl'on and the mo-

ments of order 2 of y(g),' then they can be computed for l - 1,2

w1'th the computer program STOPRO of [2].

We have.-

1. Fn(z) g FY(z) and Mn2 + M£(y) when n + w and FY(E) and M£(Y) are

the probabl'll'ty dl'strl'butl'on functl'on and the moments of order

2 of y(£) (when such a moment ex1'sts).

2. Malogous relatl'ons hold for nonstatl'onary progrm1'ng and the

1'nputs to STOPRO do not depend on t.

3. If, for each t, the rth component of St 1's 1'ndependent of the

rem1‘nder of the components and 1'dent1'cally d1'str1'buted, then
F 2 n nYt(zlxli,...,xsp) and M (Ytlx11.,...,xsp) do not depend on t.
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[1] B. Bereanu, Z.Wahrsche1’n11'chkel'tstheorl'e und Vem. Geb1’ete, 8,

148-152, 1967.

[2] B. Bereanu and G. Peeters, D.P. 6815, Center for Oper. Res. and
Econometrl'cs, Un1'v. of Louval'n, 1968.

[3] G.B DantZL'g, Management Sc1'., 1, 3-4, 197-206, 1955.

[4] D.W. Walkup and R.J. Wets, SIM J. Appl. Math., )5, 1299-1314,

1967.

ms BERGEWOHF, The Royal Instl’tute of Technology, Stockholm.

sLace dLml' wroraml'n.

we presented result 1's part of a work concernl'ng controlled Markov-

processes w1'th 1'ncomplete state 1'nfomat1'on. The model used 1's a

f1'n1'te state 1'nf1'n1'te tl'me, d1'scounted, controlled Markov process

where the states are grouped 1'nto classes, superstates. The 1'nfor-

mtl'on that 1's aval'lable to the dec1'31'onmaker 1's the superstate

plus a probabl'll'ty d1'str1'but1'on over the hl'dden substates 1'n the

superstate. m 1'mportant spec1'al case 1's optl'mal control w1'th no

1'nformt1’on, v1'z. a process w1'th only one superstate. Optl'mal con-

trol 1'n that case can be found by solv1'ng a dynm1’c program1'ng pro-

blem w1'th a contl'nuous state space (of probab1'l1'ty d1'str1'but1'ons).

If that problem 1's solved w1'th dynaml'c programl'ng on a d1'screte

state space (where the d1'screte state space represents an e-gr1'd

1'n the contl'nuous state space),the error depends on the max1'mal va-

r1'at1'on of the partl'al derl'vatl'ves of the true value functl'on 1'n

the 1'nterval between the d1'screte p01'nts. The results show thl's de-

pendence and gl've upper and lower bounds for the partl'al der1'vat1'-

ves. Upper bounds for the partl'al derl'vatl'ves are uoiven by the state

values of the correspondl'ng optl'mlly controlled Markov chal'n w1'th

perfect state 1'nformt1'on. If these upper bounds are gl'ven by T(r_)

where r_ 1's the payoutvector 1'n each stage, the lower bounds are g1'-

ven by -T(-r_).
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%W BEW, Northwestern Unl'vers1'ty, Evanston, and Unl'vers1'te’

de Montreal, Montreal, and
MI BEN-ISWL, Technl'on, Hal'fa.

Ll'near Inequall'tl'es, Mathemtl’cal #ProraML'n, and Matrl'x 4Theor.
 

Solvabl'll'ty theorems for 11'near 1'nequall't1'es over cones and

cones w1’th 1'nter1'or are developed and appll'ed to complex mthem-

t1'cal and to matrl'x theow.

WERTO BERTELE' and FWCESCO BRIOSCHI, Poll’tecnl'co dl' Ml'lano,

Milan.

New Developments _1'n the 4Theor *of LNerl'zal anl'c #Proram1'n.
/

Con51'der the follow1'ng optl'mx'zatx'on problem

m1'n F(X) -— ml'n X f.(xl). 1X leI

where X —— {xl,x2,...,fi} 1's a set of d1'screte varl'ables,

1 = {l,2,...,n} and x1 c x.

Each component f1.(xl) of the cost functl’on F(X) 1's spec1‘f1'ed by
1'

PHmeans of a stored table w1'thlxll + l colums ad 0 rows (1't has

been assmed that all the varl'ables have the same range).

@e ordered partl'tl'on mug all the p0351'ble ones of the varl'ables

of the set X 1'5 selected. For thl's partl'tl'on the g1'ven optl'ml'zatl'on

problem (the prl'mry optl'ml'zatl'on problem) my be solved by dynam'c

progrm1’ng.

Sl'nce an opt1'ma1 3351'gment for X can can be obtal'ned by all ordered

partl'tl'ons of X,1't 1's clear that another optx’ml‘zatl'on problem, the

secondary optl'ml'zatl'on problem, ar1'ses. It con51'sts 1'n deteml'nl'ng

that partl'tl'on that 1's the best from the p01'nt of V1'ew of the m1'n1'-

ml'zatl'on of the computl'ng tl'me and of the storage requ1'rements.
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The solutl'on of the secondary opt1'm1'zat1'on problem 1's based on graph

theoretl'cal con31'derat1'ons.

The prev1'ous works on non—serl'al dynm1’c program1'ng [1,2,3,4] are

essentl'ally concerned w1'th f1'nd1'ng a solut1'on to the secondary op-

t1'm1'zat1'on problem 1'n the spec1'al case when each block of the or-

dered part1't1'ons cons1'sts of a Sl'ngle var1‘ab1e.

The con31'derat1'on of thl's spec1'al class of decompos1't1'ons 1's suf-

fl'c1'ent for m1'n1'm1'21'ng a reasonablte 1'ndex of the computl'ng t1'me

needed for the solutl'on of the pr1'mary opt1'm1'zat1'on problem.

However, for tackll'ng the memory 11'm1'tat1'ons 1't 1's essentl'al to

deal w1'th a more general class of decomp031't1'ons than the one con-

31'dered here.

In th1's paper mny 1'nterest1'ng new results are gl'ven and thel'r com-

putatl'onal relevance 1's po1'nted out.

[I] F. BRIOSCHI and S. EVEN, M1'n1'm1'21'ng the Number of Operatl'ons

1'n Certal'n D1'screte Varl'able Optl'ml'zatl'on Problems, to

appear 1'n Operatl'ons Research. Technl'cal Report 567,

D1'v1'31'on of Engl'neerl'ng and Appll'ed Phy51'cs, Harvard

Un1'ver31'ty, Cambrl'dge, Mass, August 1968.

[2] U. BERTELE' and F. BRIOSCHI, A New Algorl'thm for the solutl'on of

the Secondary Optl'ml'zatl'on Problem 1'n Nonserl'al Dynml'c

Program1’ng, Journal of Mathematl'cal Ana1y51's and App11'-

catl'ons, Vol 27, No. 3, Sept. 1969, pp. 565-574.

[3] U. BERTELE' and F. BRIOSCHI, Contrl'butl'on to Nonserl'al Dynml'c

Program1’ng, Journal of Mathematl'cal Ana1y31's and App11'-

catl'ons, Vol. 28, No. 2, Nov. 1969, pp. 313-325.

[4] U. BERTELE' and F. BRIOSCHI, A Theorem 1'n Nonserl'al Dynml'c

Programl'ng, Journal of Mathemat1’ca1 Analy51's and App11'~

cat1'ons, Vol. 29, No. 2, Feb. 1970, pp. 351-353.
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OLE BILDE, The Technl'cal Un1'ver31'ty of Demark, Lyngby.

In recent years efforts have been made 1'n order to develop methods

and computer programs whl'ch can a531'st road de51'gn engl'neers 1'n

thel'r work. Thl's paper contrl'butes to these efforts w1'th some me-

thods of mathematl'cal program1'ng appll'ed to problems related to

the deteml'natl'on of vertl'cal road all'gnment.

Con51'der a road sectl'on w1'th a prescr1'bed hor1'zontal all'gnment. The

data of the terral'n are know and the problem 1's to deteml'ne the

vertl'cal profl'le subJ'ect to the assoc1'ated costs, the level of traf-

fl'c securl'ty, and the aestetl'c values.

Based on some Sl'mpll'fl'ed assumptl'ons on technl'cal des1'gn, the method

to be presented here tr1'es to f1'nd a vertl'cal profl'le whl'ch m1'n1'm1'-

zes costs and meet' certal'n demands to traffl'c securl'ty and aestetl'c

values.

The solutl'on method 1's 1'terat1've and each step con51'sts of two sta-

ges. The f1'rst stage assumes a feas1'ble vertl'cal profl'le to be know,

and a transportatl'on problem whl'ch m1'n1'm1'zes the costs of earthmo-

v1'ng 1's solved. In the second stage the shadow prl'ces (dual var1'a-

bles) from the solutl'on of the transportatl'on problem and other

costs related to the vertl’cal a11'gnment are used 1'n seekl'ng a new

fea51'ble profl'le w1'th smaller costs. The procedure teml’nates when

no 1'mprovement to the current solutl'on can be found.

The earth to be transported from one statl'on 1' to another statl'on

3' on the road sectl'on must be shl'pped along the road. In order to

mke the solutl'on app11'cable one has to ensure that all the earth-

work on the part of the road sectl'on between the two statl'ons 1's

completed before the earth 1's transported from 1' to 3'.

In the mathematl'cal formulatl'on of the transportatl'on problem th1's

results 1'n some non-ll'near restrl'ctl'ons. A spec1'a1 Branch-and-

Bound method for the last problem has been developed. U51'ng the
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set of non-ll'near constral'nts to cut dom the nmber of arcs 1'n the

transportatl'on network, the algorl'thm has proved to be very eff1'-

real ll'fe" data.c1'ent for varl'ous problems w1'th

LOUIS J. BILLEM, Cornell Unl'ver51'ty, Ithaca, N.Y.

Some Recent Results 1'n n-Person Game 4Theor .

He d1'scus51'on w1'll center ma1’n1y on some work on two solut1'on

concepts.‘ the core for gmes w1'thout Sl'de paments and the nucleo-

lus for games w1'th Sl'de paments (characterl'stl'c functl'on games).

The core has become an 1'mportant equ1'11'br1'um concept 1'n Mathemat1'cal

Economl'cs. The nucleolus 1's related to the theory of bargal'nl'ng sets.

The core 1's the set of payoffs whl'ch cannot be blocked by any

coall'tl'on of the players. Var1'ous suff1'c1'ent cond1't1'ons for a game

w1'thout Sl'de paments to have a nonempty core have been derl'ved. If

the payoff sets are assumed to be convex, then one can charaterl'ze

the gmes w1'th nonempty core 1'n tems of the support functl'ons of

the payoff sets. Th1's characterl'zatl'on generall'zes the result for

s1'de pament games, whl'ch follows d1'rectly from ll'near progrml'ng

duall'ty.

The nucleolus 1's defl'ned for games gl'ven by a characterl'stl'c

functl'on v. For each payoff x, arrange the numbers v(S) - 2 x1.,
‘ 1'eS

for all coa11't1'ons S, 1'n decrea81'ng order. The resultl'ng vector 1'n

2“.R ls denoted 6(x). The nucleolus 1's defl’ned to be those payoffs

x for wh1'ch 6(x) 1's m1'n1'mal 1'n the lex1'cograph1'cal orderl'ng of
n2 . . . . .R . The nucleolus ls always non-empty, lS contalned 1n the bargaln

set, and belongs to every non~empty e-core. The nucleolus has re—

cently been characterl'zed l‘n tems of balanced collect1'ons of coa-

11't1'ons (whl'ch arl'se 1'n the study of the core). Thl's characterl'za-

t1'on prov1'des Sl'mple proofs of the unl'queness and cont1'nu1'ty (as

a functl'on of v) of the nucleolus.
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EWELE BIOWI, PIERCMO P&Em0, CWELO PLUCHINOTTA, Poll'tecn1'-

co d1' M1'lano, Ml'lan.

Th1's paper deals w1'th a dell'very problem whl'ch has been treated

w1'de1y 1'n the ll'terature.

There 1's a central warehouse 1'n whl'ch there 1's stored a certal'n com-

modl'ty that 1's to be d1'str1'buted by comon carrl'ers to a number of

customers at varl'ous destl'natl'ons w1'th1'n some. regl'on.
I demnds have to be sat1'sf1'edIn any gl'ven t1'me perl'od the customers

1'n such a way to ml'nl'ml'ze the total transportatl'on cost. The demand

of a gl'ven customer must be satl'sfl'ed 1'n one dell'very only. The shl'p-

per specl'fl'es the de11'very schedule to be followed by the carrl'ers

takl'ng 1'nto account the capac1'ty constral'nts of the carrl'ers and
l demands. For sake of Sl'mpl1'c1'ty, gl'ven the capac1't1'esthe customers

of the carrl'ers and the average demands of the customers, 1't 1's sup-

posed that any carrl'er dell'vers the orders of k customers. It 1's

supposed also that the transportatl'on cost on a route depends only

on the t1'me ru1'qu1'red to travel along that route.

Thl's problem has been treated 1'n the ll'terature as a set coverl'ng

problem and exact algorl'thms have been developed for 1'ts solutl'on.

The drawback of that approach 1's the huge umber of varl'ables to

be con51'dered even for problems of moderate s1'ze. Th1's J'ustl'fl'es

the search of dl'fferent approaclxes and of heur1'st1'c methods of so-

lutl'on, as done 1'n thl's paper.

The algorl'thm 1's based on the partl'tl'on of the overall problem 1'n-

to the sub-problem of satl'sfyl'ng the demand of each customer,’ for

each of them 1't 1's determl'ned a set of customers whl'ch are ll'kely

to be suppll'ed 1'n the same del1'very, 1'n a good solutl'on of the pro-

blem.

It 1's p0331'ble to g1've an upper boundfor the dl'fference of the va-

lues of the obJ'ectl've functl'on correspondl'ng to the "good" solutl'on

found by the algorl'thm and the optl'ml one. The algorl'thm has been

tested on some pract1'ca1 problems w1'th satl'sfactory results.
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Pv. BOD, Hungarl'an Academy of Sc1'ences, Budapest.

_On_anextremum Ltoblem #concernl'n firahs (the generall’zed m1'n1'mum

length tree problem).

The fo‘llow1’ng problem has been brought up l'n the "Problem Sec-

tl'on" of the "Colloqu1'm 1'n Comb1'nator1'cs" organl'sed by the Bolyal'

Ja’nos mthematl'cal Soc1'ety 1'n Balato°'nfu°'red last autum.

G1'ven the f1'n1'te graph'. G - (X,U) w1'th non negatl've lengtMOn
. V1ts edges.’ £(u) >__ 0,u e U,and a subset Xl c X of the vertex set.

—- (X ,U ) connected subgraph of G for0 0It 1's to fl'nd such a G

whl'ch
O

UXICXOCX,'U 0C

and

Z £(u) + m1'n.‘
ueU0

It 1's obv1'ous that the problem 1'nvolves.' 1') the m1'n1'mum length

spanned tree's one 1'f

Xl ‘— X

and 1'1') the problem of the m1'n1'mm length 1'f

xl -— {x,y},' x # y,' x e X,‘ y e X.

We are show1'ng that G0 always ex1'sts 1'f X] 11'es 1'n one connec—

ted component of G, and 1's necessarl'ly a tree 1’f

£(u) > 0,Vu e U.

A complete descrl'ptl'on type algorl'thm w1'11 be sketched whl'ch

uses as subrout1'ne an algebral'c representatl'on of the well-know

a lgorl'thm due to Kruskal.
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As the correct algorl'tm my necess1’tate an exceSSL've umber

of 1'terat1'ons, an approx1'mt1'ng algorl'thm w1'll also be proposed.

GHEORGHE BOLDUR, Academy of the Soc1'a11'st Republl'c of Romanl'a,

Bucharest.

L1'near #Proraml'n Problems w1'th Lcomlex Dec1'51'on Condl'tl'ons.
 

Con51'der an n varl'ables and m relatl'ons system'.

(1) 1'-—1,2,...,m J'-—l,2,...,n, xJ. >_ 0,

II
M5 W X II 0‘

I IJJ 1.

Lu

ad.-

— r obJ'ect1've functl'ons w1'th dl'stl'nct Sl'gnl'fl'catl'on by no means re-

duc1'ble to a comon matter,‘

- 5 states of nature,‘

- t dec1's1'onmakers w1'th poss1'bly d1’fferent op1'n1'ons.

If we Sl'mltaneously take 1'nto account all the obJ'ectl'ves con-

31'der1'ng the opl'nl'ons of the t dec1's1'onmkers and all the states

of nature, we get r.s.t obJ'ect1've complex functl'ons‘.

n

°Pt Fhm = °Pt i=2] chkljxj’ h-—l,2,...,r, k-—l,2,...,s,

£-—l,2,...,t.

(2)

The system (I) and the functl'ons (2) defl'ne a 11'near progrm-

m1'ng problem 1'n complex dec1'51'on cond1't1'ons. To solve 1't we aval'l

ourselves of the subJ'ectl've ut1'11'ty, of the methods of solv1'ng the

games agal'nst nature and of some elements 1'n the groupfiec1'31'on

theory.

F1'rst we sm the op1'n1'ons of the dec1'51'onmakers, thus obtal'n-

1'ng r.s obJ'ectl've funct1'ons.‘

t n
FG Eopt hk —- opt £__1 J __21 g£.chk£J.xJ., h=1,2,...,r, k=1,2,...,s.(3)
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g1Q are "competence coeffl‘c1’ents" assoc1'ated to each dec1'81'onmaker.
Secondly we solve r.s ll'near programl'ng problems determl'ned

by the system (I) and the functl'ons (3),° so we obtal'n r.s optl'mal

values of the obJ'ectl've functl'ons (3).‘ X1,X2,...,X . We also sol-
r.s

ve r.s ll'near progrml'ng problems determl'ned by the system (1) and

the funct1'ons.°

*G )
hk)pes Fth - - opt (-F(4)

obtal'nl'ng 1'n thl's way r.s peSSL'mal values of the eff1'c1'ency func—

t1'ons Y],Y2,...,Yr.s'

U51'ng the Von Neumann-Morgensternmethod (or any other method),

we estl'mte the ut1'11't1'es of the optl'mal and pe831'mal values found

before.‘

Values of the

yobj'ectl'veX X

functl'on

 

Utl'll'tl'es u(X1) u(X2)...u(Xr S) u(Yl) u(Y2)...u(Yr )
.S

 

and we make the 11'near transfomt1’ons.‘

“hk %k + Bhk “(Kk)
(5)

“hk th + Bhk '" “(th)'

In the follow1'ng, the method w1'll be d1'fferent1'ated accordl'ng
to the cond1't1'ons of certal'nty, rl'sk of 1'ncerta1'nty.

We f1'nd a synthe51's functl'on for each state of nature.'

*) If the functl'ons (3) have not thel'r both extreme value fl'nl'te,

we 1'ntroduce new addl'tl'onal restrl’ctl’ons through whl'ch we get

th1's condl'tl'on.
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r t rn
opt Z 2 Z d .a .g .c ..x. + Z d .Bh__] £__l J.__l h hk £ hklj J h__] h hk’(6)

where dh are "1'mportance coeff1'c1'ents" of the obJ'ectl've func-

hk
solve s ll'near progrm1'ng problems determl'ned by (1) and (6) f1'nd-

t1'ons, and a and Bhk are obta1’ned by solv1'ng the systems (5),° we

1'ng the solut1'ons.‘ S],Sz,...,SS.

We apply further the know schemes of the theory of games agal'nst

nature (the case of certal'nty condl'tl'ons 1's equl'valent to k-—l).

 

P. BONZON, Un1'ver51'ty of Toronto, Toronto.

Combl'natorl'al Dynml'c #Prorm1'n.' a set theoretl'cal approach.

It 1's well know that, 1'n the d1'screte case, Dynaml'c Progrm-

ml'ng 1's 1'dent1'f1'ed w1'th a combl'natorl'al algorl'thm equl'valent to a

partl'al enumeratl'on of fea31'ble solutl'ons. Thl's paper 1's an attempt

to prov1'de a general framework for enumeratl'on algorl'thms, 1'n order

to be able to gl've a normal def1'n1't1'on of Dynaml'c Progrm1‘ng of

combl'natorl'al type. It d1'st1'ngu1'shes thl's partl'cular algorl'thm from

more general algorl'thms and gl'ves necessary and suffl'cl'ent cond1'-

t1'ons for 1'ts appll'catl'on.

We f1'rst con31'der tll'e most general d1'screte optl'ml'zatl'on pro-

blem of the form'.m1'n1'mum f(x],...,xn)J where f 1's any functl'on overI
(xl,...,xn) e E and E any f1'n1'te set.I
1'.e. an optl'mal solutl'on must belong to a g1'ven set of fea81'b1e

solutl'ons. We descrl'be a general recur31've opt1'm1'zat1'on procedure,

whl'ch 1's equl'valent to a total enumeratl'on of E. Thl's process of

enmeratl'on uses the equl'valence classes of E defl'ned by succes31've

cuts whl'ch generall'ze the cuts of a graph. The functl'on f 1'tself

1's decomposed 1'n a sequence of succe331've appll’catl'ons Qk such that
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(xl,...,xn)

W1'th the ¢k 1'ncreas-(wnsxl , ° ' ' 9x“)

Sl'ng functl'ons of

wk-l lI’M], ° ' ° ,x-k)

—- f(x],...,xn)(wz’xl’xz)

i.e. f -— ¢lo¢2o..o¢n.

It 1's always pos51'ble to f1'nd Such a sequence for any functl'on

by takl'ng

k=n-l,...,l9x] , ‘ ’ ‘ ,xk+l) :— 9

w1'th

mm = f(xl,...,xn).

We then demonstrate how, by assuml'ng a pr1'or1' hypotheses for

the structure of the succe851've cuts and appll'catl'ons, th1's gene-

ral procedure 1's s1'mp11'f1’ed to a shorter procedure 1'nvolv1'ng only

a partl'al enmeratl'on of E. Th1's shorter procedure happens to be

1'dent1'f1'ed w1'th the algorl'thm of Dynml’c Progrml'ng and thus the

a pr1'or1' hypotheses for E and f constl'tute a posterl'orl' necessary

and suffl'cl'ent cond1't1'ons for Dynaml'c Programl'ng of combl'natorl'al

type.

Under these condl‘tl'ons, the functl'on f must be defl'ned by a

sequence of appll'catl'ons of the fom

$§Lk3xk+l))¢k(1pk+l,xl,"°!xk+l)

k = n-l,...,l w1th gun = gn(xn).

me cond1’t1'on for the cuts of E expresses the fact that the fea31'-

(p0531'b1y vectorl'al) can depend only onb1'11'ty of any component xk
1ts d1rect nelghbou..rs fl_l and fl+].
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C.G. BROYDEN and W.E. MT, Un1'vers1'ty of Es sex, Wl'venhoe Park,

Colchester.

_A new Lalorl'thm for constral'ned gotl'ml'satl'on.
 

We descrl'be a new algorl'tm for m1'n1'm1'51'ng the functl'on of n

varl'ables ¢(x) subJ'ect to the m(<n) nonll'near equall'ty constral'nts

f(x) -— 0. It 1's assumed for the purpose of th1's paper that both the

gradl'ent g(x) of ¢(x) and the Jacobl'an F(x) of f(x) are ava1'1ab1e

as exp11' c1't express1'ons.

Follow1’ng Greenstadt and Bard (Keele 0pt1'm1'sat1'on Conference,

1968) we solve the (m+n)th order system of nonll'near equatl'ons 1'n

x en y

(1)FT<x>y -— g<x>

f(x) —- 0

where y 1's the vector of Lagrange mu1t1'p11'ers. The method used 1's

a qua51'-Newton one (see "Quas1'-Newton methods and thel'r Appll’ca-

t1'on to Functl'on M1'n1'm1'sat1'on", C.G. Broyden, Math. Comp., 21,

368-381) but the matrl'x update employed 1's de31'gned spec1'f1'cally

to take advantage of the spec1'a1 features of the Jacobl'an J(x,y)

of the system. It was Show by Greenstadt and Bard that thl's latter

had the fom

where G(x,y) 1's an nth order matrl'x ml'ch 1's smetrl'c but not

necessarl'ly p081't1've defl'nl'te. Thus J(x,y) 1°tse1f 1's smetrl'c but

not necessarl'ly p031't1'Ve defl'nl'te. The update used (whl'ch 1's a rank-

2 update of the approx1‘mt1'on to the 1'nverse Jacobl'an) mal'ntal'ns

the smetry of the approx1’mat1’on to J(x,y) and also mal'ntal'ns the

zero lower rl'ghthand corner part1't1'on.
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Because of the 1'mp081't1'on of thl's structure upon the approx1'mat1'on

to the Jacobl’an, rap1'd convergence 1'n the nel'ghbourhood of the so-

lutl'on 1's attal’ned.

We also assume that an 1'n1't1'al estimatevx0 1's aval'lable for

the 1'ndependent varl'ables (1'f one 1's not 1't may be obtal'ned by the

use of penalty functl'on technl'ques coupled w1'th one of the uncon-

stral'ned m1'n1'm1'sers descrl'bed 1'n "Qua51' Newton Methods ...") . To

obtal'n an 1'n1't1'al estl'mate of y we solve the equatl'on

F F T F(x)(x) y -— (x)g(x)

thereby obtal'nl'ng the best y 1'n the least-squares sense.

Mother p0551'b1'11'ty of solv1'ng (1) when a good 1'n1't1'a1 approx1'ma—

t1'on 1's not aval'lable 1's to use a Dav1'denko path technl'que ("On a

New Method of nmerl'cal solutl'on of systems of non-ll'near equat1’ons",

D.F. Dav1'denko, Doklady flad. Nauk. SSSR 88, 601%02). Th1's 1's

clearly related to the S.U.M.T. and we hope to further 1'nvest1'gate

th1's relatl'onshl'p 1'n the near future.

 

NAM BUMS, Technl'on, Hal'fa.

The analys1's of multl'ple-purpose prOJ'ects, Sl'ngle-structured

or where several structures compose a complex water resource sys-

tem, necess1'tates often the appll'catl'on of mathematl'cal progrm-

ml'ng methods. These methods my be used 1'n solv1’ng problems of hy-

drology, engl'neerl'ng, and appll'ed economl'cs.

The development of water resources 1'n a gl'ven regl'on requl'res

large 1'nvestments for whl'ch several prOJ'ects my compete. The 0-

verall 1'nvestment 1's planned for a development perl'od of several

years, a g1'ven portl'on of 1't be1'ng allocated each year. The ques-

t1'on ar1'ses as to whl'ch prOJ'ects (or parts of them) should be bul'lt

every year.
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Moreover, 1't 1's de51'rable to establl'sh the optl'ml allocatl'on of

the overall development 1'nvestment to each year of the development

plan.

G1'ven revenue-outlay curves for each of the prOJ'ects cons1'dered

for the regl'onal development of water resources, th1's double opt1'-

m1'zat1'on problem 1's fomulated as a sequentl'al dec1'51'on model. It

1's assumed that at spec1'f1'ed descrete tl'mes t (years), dec1'81'ons

and regardl'nghave to be made regardl'ng the yearly 1'nvestment x-t
1'ts allocatl'on mong the 1' poss1'ble prOJ'ects. The sequentl'al dec1'—

51'on model 1's solved u51'ng forward dynam1'c program1'ng.

Defl'nl'ng f1(x—) to be the max1'mum net revenue generated by an

1'nvestment x- at the f1'rst stage (year) and pursul'ng an optl'mal po-

11'cy, one can deteml’ne 1'ts allocat1'on mong the technologl'cally

feas1'ble prOJ'ects. Thl's opt1'mal allocatl'on may be d1'sp1ayed as an

mn array, m be1'ng the number of values adm1'ss1'ble by x_ and n be-

1'ng the umber of prOJ'ects. At the second stage (year), f2(x_) 1's

determl'ned so that development funds are allocated to prOJ'ects

show1'ng most proml'se. An 1'terat1've correctl'on may be necessary for

the prev1'ous year 1'nvestment allocatl'on, wh1'ch would optl'ml'ze the

overall net revenue. One proceeds l'n a s1'm1'lar fashl'on unt1'l the

(x—) 1'3 deteml'ned. Theentl're development perl'od 1's covered and fT

set of tables obtal'ned as computer prl'ntout for each t w1'll form

the ba31's of the optl'mal 1'nvestment schedull'ng for the regl'onal

development of water resources.

C. BUMET, Carnegl'e-Mellon Unl’vers1'ty, P1'ttsburgh, on leave from

ETH, Zu"r1°ch.

The eff1'c1'ency of the cuttl'ng plane approach to solve opt1'm1'-

zatl'on problems 1'n 1'ntegers depends, to a large extent, on the depth

of the cuts.
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In recent publl’catl'ons, Balas and Young have establ1'shed 1'n

somewhat d1'fferent contexts that val1'd cutt1'ng planes could be ge-

nerated from the 1'ntersect1'on of (ba31'c) rays w1'th adequately con-

structed hyperspheres. Later Balas, Boman, Glover and Somer rec-

ogn1'zed that these 1'ntersect1'on cuts could be 1'mproved by replac1'ng

the sphere by a polyhedron whose faces are tangentl'al to the sphere.

Here 1's faml'ly of polyhedra 1's 1’ntroduced 1'n replacement of

the sphere,‘ these polyhedra are not tangentl'al to the hypersphere

and produce cuttl'ng planes w1'th partl'cular characterl'stl'cs wh1'ch

are dl'scussed. The Gomory cuts are contal'ned 1'n thl's fm1'ly of

cuttl'ng planes as an extreme case,‘ and 1'n general, the fam1'1y con-

tal'ns cuts deeper than any of the Gomory cuts. (Depth 1's meant here

to be measured 1'n the d1'rect1'on of the obJ'ectl've functl'on).

Constructl've procedures are presented for generatl'ng step by

step cuttl'ng planes wh1'ch become deeper and deeper at every step;

untl’l the deepest cut 1's obta1'ned. Thl's constructl'on often re11'es

on a partl'al enmeratl'on schema of the set of 1'nteger solut1'ons,‘

F“ the correspondl'ng algorl'thms may thus be v1'ewed as a comproml's be-

‘,‘j'\ tween the partl'al enumeratl'on and the cutt1'ng plane techn1'ques.

Fl'nally some concludl'ng remarks on nmerl'cal ewerl'ments and

thel'r computatl'onal eff1'c1'ency, convergence and further open ques-

t1'ons are 1'ncluded.

 

R. CWMSEW, Case Western Reserve Unl'vers1'ty, Cleveland.

_A LSec1’al Case _of the #Comlementar P1'vot Problem.
 

The fundmental problem 1'n 11'near progrm1'ng, quadratl'c pro-

gram1'ng and bl'matrl'x games 1's the follow1'ng'. G1'ven a real m-vector

q and a real mxm matrl'x M, fl'nd vectors w and z wh1‘ch sat1'sfy.’

(l) w 2 O, z 2 0, w -‘ Mz + q and

w'z -— 0.(2)
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So far the most general class for wh1'ch there are algorl'thms 1's 3

class£ def1'ned by B.C. Eaves. In the present paper we prov1'de a

Sl'mple algorl'thm for a class Z wh1'ch 1's not a subset of &.(Z 1's

a class of matrl'ces def1'ned by F1'edler & Ptak.‘ 0n matrl'ces w1'th

Non-p051't1've off-dl'agonal Elements and P051't1've pr1'nc1'pal M1'nors —

Czech. Math. Journal 12 (62), pp. 382-400.) It 1's also show that

1'f M e Z, then fea51'b1'11°ty of (I) 1'mpl1'es the ex1'stence of a so-

lutl'on to the whole problem.

A. CW8, USC Inc. and the Unl’ver51'ty of Texas, Austl'n,

W.W. COOPER, USC Inc. and Carnegl'e-Mellon Unl'ver31'ty, P1'ttsburgh,

M.A. mm, Appll'ed Dev1'ces Corporatl'on, College P01'nt, N.Y.,

E.F. SNOW, Appl1’ed Dev1'ces Corporatl'on, College Pox'nt, N.Y., and

A.S. W£TERS, Carnegl'e-Mellon Unl'ver51'ty, P1'ttsburgh.

   

MReulator LAency.

Thl's work reports some new approaches to cost/benefl't and re-

lated 1'ssues that have emerged 1'n the course of studl'es for a pu-

b11'c regulatory agency. We agency's operatl'ons are d1'rected toward

consumer protect1'on, some parts of wh1'ch were reduced, 1'n one way

or another, to dollar measures of potentl'al benefl'ts of proposed

and ex1'st1'ng regulatl'ons. Other parts of' thl's agency's protectl'on

dutl'es, however, 1'nvolve obJ'ectl'ves w1'th components that are non-

comparable, 1'ncomensurable, or both, md hence do not adml't of

such reductl'ons. fie fomulatl'ons and 1'nterpretat1'ons ut1‘11'zed to

deal w1'th all of these—comensurable, 1'ncomensurable and non-com-

parable elementsare d1'scussed 1'n a way that relates them to past

and poss1'ble future courses of development for mathemat1'cal pro-

grml‘ng app11'cat1'ons.
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A.R. COLVILLE, IBM Corporatl'on, W1'te Plal'ns, N.Y.

Acceleratl'on _of _LP #Comutatl'ons.

me economl'c 1'mportance of L1'near Progrm1’ng appll'catl'ons to ma-

J'or users of thl's technl'que has been 1'ncrea51'ng almost exponentl'al-

ly Sl'nce the early days when LP was f1'rst used. A good part of thl's

growth 1's due the generatl'on of larger and larger models 1'n the stu-

dy of tl'me-staged and mult1'-fac1'll'ty systems. Thl's trend has led

to an 1'ncrea51'ng empha51's on the eff1'c1'ency of the 11'near progrm-

ml'ng system bel'ng used.

Sl'nce the orl'gl'nal 1'mplementat1'ons of the rev1'sed sx'mplex method

u51'ng the product fom of the 1'nverse, nmerous mechanl'sms have

been proposed for 1'ncrea31'ng perfomance of these codes by tal'lor-

1'ng them to spec1'f1'c computl'ng systems, takl'ng 1'nto account comon

model structures, 1'mprov1'ng data proce551'ng characterl'stl'cs, etc.

ml's paper w1'll descrl'be a nmber of approaches for acceleratl'ng

LP computatl'ons whl'ch have been tested and proven. It w1'll also

d1'scuss conJ'ectures for future efforts 1'n th1's area. Included 1'n

the topl’cs to be covered w1'll be.'

1) Pre-condl'tl'onl'ng the matrl'x

2) Obta1'n1'ng better startl'ng solutl'ons

3) Speedl'ng up 1'terat1'ons

4) Reduc1’ng the number of 1'terat1'ons

5) Improv1'ng 1'nver51'on

6) Handll'ng spec1'al structures

The 1'nfluence of LP perfomance con51'derat1'ons and other spec1'al

algor1’tM1'c and functl'onal capab1'11't1'es on the de51'gn of future

Mathemtl'cal Progrm1’ng Systems w1'll also be dl'scussed.
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JWS W. DMIEL, The Un1'vers1'ty of Texas, Austl'n.

bAroxl’mte Ml'nl'ml'zatl'on _of Functl'onals lb D1'scret1'zat1'on.

Thl's paper presents the s1'mple general theory for analyz1'ng

the convergence propertl'es of solutl'ons of dl'scretl'zatl'ons of con-

stral'ned contl'nuous opt1'm1'zat1'on problems 1’nc1ud1'ng d1'scret1'zed

penall'zatl'on or regular1'zat1'on methods. As spec1'f1'c examples, we

survey convergence results for d1'scret1'zat1'ons of contl'nuous op-

t1'mal control problems 1'nclud1'ng d1'scret1'zed penall'zat1'on methods.

L. DEMR, Delft Unl'ver51'ty of Technology, Delft.

ml's paper w1'll l'llustrate p0351'b1'11't1'es of hybr1'd computa-

t1'on for solv1'ng problems 1'n the f1'e1d of mathemat1’cal programl'ng.

In contrast to each other, d1'g1'tal and analogue computatl'on

are favorl'te w1'th regard to respect1’vely

— memory, control of the computatl'on

— computl'ng speed, solv1'ng ord1°nary dl'fferentl'al equatl'ons.

A hybrl'd computer - as a cooperatl'on between an analogue and a

d1'g1'ta1 computer - 1's able to combl'ne these features 1'n practl'ce.

Computl'ng methods 1'n mathematl'cal program1’ng often ask for

a d1'g1'ta1 computer because of the memory capac1’ty and the f1ex1'-

b1'11'ty of control of the computatl'on by means of a stored progrm.

However, mostly these methods are very t1'me-consum1'ng, 1'n the fl'rst

place because a solutl'on 1's determl'ned 1'terat1've1y and often more-

over a search procedure has to be appl1'ed 1'n order to assure that

the absolute optl'mm 1's found 1'n stead of a local opt1'mum. In hy-

brl'd computatl'on one can apply d1'screte as well as contl'nuous 1'te-

ratl'on processes. A contl'nuous 1'terat1'on process 1's equl'valent w1'th

solv1'ng ordl'nary d1'fferent1'a1 equat1'ons untl'l (approx1’mate1y) the



 

35

steady-state solutl'on 1's reached. Solv1'ng a contl'nuous 1'terat1'on

process asks for an analogue computer because of the hl'gh compu-

tl'ng speed and 1'ts elegance for solv1'ng ordl'nary d1'fferent1'al equa-

t1'ons.

So for solv1'ng problems 1'n the f1'e1d of mathemtl'cal progrm-

ml'ng hybrl'd computatl'on 1's attractl've. Th1’s w1’11 be 1'11ustrated by

d1'scu331'ng brl'efly some hybrl'dmmerl'cal meths. For exmple atten-

t1'on w1'11 be gl'ven to an 1'terat1've method for solv1'ng the non11'near

problem.' m1'n1'm1'ze f(x), subJ'ect to g1.(x) '— O, 1'-l,...,m and where

x 6 Rn, m < n. Thl's method can be t'omulated as a (convergent) d1's-

crete 1'terat1'on process

Hr(x) —— {f(x) - yr_l}

w1'th

*
)= mxln Hr_l(x); Y0 < f ,yr-l -_ f(xr-l)’ Hr-l(xr-]

where f* represents the ml'nl'mum of f(x), subJ'ect to g1.(x) —- O.

Deteml'nl'ng of mxl'n Hr_l

process by applyl'ng the gradl'entmethod. me above mthod 1's based

on transfoml'ng the or1'g1'na1 problem 1'nto.‘

can be reall'zed as a contl'nuous 1'terat1'on

*
ml'n {ml'n H(x,y)}, y _< f

y x

where

2H(x,y) = {f(x)-y} + a Z g1.2.
1'

Applyl'ng the gradl'entmethod tw1'ce to the last problem the 1'terat1've
method can also be fomlated as a nestl'ng of two cont1'nuous 1'tera-
t1'on processes 1'n dl'fferent tl'me-scales.

Some practl'cal results w1'll be presented.
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WS£EORG DIESS, SACLm ASW Research Centre, La Spe21'a.

Thl's paper dl'scusses the game theory solutl'on to the follow1'ng al'm-

1°ng problem.‘

m attacker recel'ves 1'nfomat1’on about the locatl'on of a target and

launches a weapon. It 1's assmed that the target may be anwhere

w1'th1'n an annulus w1'th radl'l' R R2, whl'ch depend on the weapon de-l!

11'very t1'me and the target eva51'on manoeuvres. Us1'ng a polar coor-

d1'nate system R, B, the assumptl’on 1's made that the target 1's un1'~

formly d1'str1'buted 1'n B, but chooses R between the ll'ml'ts R], R2,

1'n order to max1'm1'ze 1'ts chance of escape. The attacker w1'll then

dl'strl'bute the weapon al'mp01'nts unl'fomly 1’n the angle 8 over 1'ts

range 0, 2n. For a Sl'ngle weapon 8 -— 0 1'3 chosen arbl'trarl'ly and

the problem 1's reduced to the ch01'ce of the radl’al coordl'nate X

for the a"1'mp01'nt. fie pay-off for th1's twowerson game, where both

players have contl'nuous strategl'es, 1's expressed by the probab1'11'-

ty of the target hav1'ng a dl'stance from the al'mp01'nt of less than

a fl'xed dmage radl'us e. Pure and ml'xed strategy solutl'ons are d1's-

cussed and condl’tl'ons are der1'ved for the nomall'zed parmeters

 

2e

whl'ch allow one to determl'ne the type of strategl'es for a gl'ven set

of values of the parameters e‘ R] and R2.
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PIEm DOWLIEZ, Soc1'e’te’ de Tractl'on et d'Electl'c1'te’, Belgl'um.

M.R. M0, Unl'vers1'ty of Rochester, Rochester, N.Y.

SubJ°ect _to Fal'lure.

In th1's paper we con51'der a multl'teml'nal network con51'st1'ng

of several demand nodes, each w1'th an assoc1'ated demnd functl'on

1'ncrea51'ng over t1'me. The demand nodes are connected to a comon

source node through several 1'ntemed1'ate nodes. Assoc1'ated w1'th

each arc of the network are two values wh1'ch represent the nomal

and reduced capac1'ty of that arc. It 1's assumed that at any gl'ven

1'nstant at most one are my have a reduced capac1'ty. It 1's requl'red

to f1'nd the max1'mum tl'me upto whl'ch all demnds can be satl'sfl'ed.

A labell'ng algorl'thm 1's gl'ven to solve th1's problem and f1'n1'teness

of the algorl'thm 1's proved.

 

IRIML DMGM, C.O.R.E., Heverlee, Belgl'um.

_m 1'mprovement _ofthe #lex1'corah1'cal Lalorl’thm for 4501v1'n d1'screte

wrorml'n groblems.

Cons1'der the follow1'ng problem.’ m1'n1'm1'se fo(xl,...,xn), sub-

J'ect to

fh(xl,...,xn) s 0, (h-—l,...,s), x1. 6 {0,l,...,pl.},

(1'=l,...,n),

where p1. are p031't1've 1'ntegers.

For solv1'ng thl's problem by the lex1'cograph1'ca1 algorl'tm,

1’: 1'8 always necessary to carry out a prev1'ous transfomatl’on.

The above stated problem thus becomes.‘ f1'nd the "f1'rst" vector

— 1'n the sense of the lex1'cograph1'cal orderl'ng - belo‘ngl‘ng to
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X —- {(x0,...,xn)/f(xo,...,xn) <_ g(x0,...,xn)},

x1. 6 {0,l,...,pl.}, (1'—‘0,l,...,n)}

n
1ex1'cograph1'cal monotone nondecrea51'ng functl'ons. The functl'on

where p0 1's 3 posx'tl've 1'nteger and f(xo,...,xn), g(x0,...,x) are

g(x0,...,xn) 1's chosen from a certal'n subset G of the set of all

lex1'cograph1'cal monotone nondecreas1'ng functl'ons.

In the present paper 1's show that the nmber of necessary

steps N, for solv1'ng the last problem by the lex1'cograph1'ca1 algo-

r1'thm, depends on the chosen functl'on g 6 G .‘ N -— N(g). A procedure

1's gl'ven for constructl'ng a functl'on g(x0,...,xn) e G 1'n such ar
way that N(g) <— N(g), for all g e G. Of course, when the orderl'ng

of the varl'ables 1's changed the functl'on g_(x0,...,xn) w1'11 be changed

as well. Mother procedure for selectl'ng the approprl'ate orderl'ng

1's gl'ven such that the optl'ml solutl'on w1'll be found after a m1'n1'-

ml umber of steps. F1'na11y, a numerl'cal example 1's presented, 1'n

wh1'ch the two procedures and the lex1'cograph1'cal algorl'tm are used.

At the present t1'me the descr1'bed procedure 1's worked out for

the 11'near case,‘ the extens1'on for the nonll'near case 1's not yet

completed.

SM E. EWHWY, North Caroll'na State Un1'ver31'ty, Ralel'gh, and

MOW K. WIG, The Coml'ng Glass Co., Cornl'ng, N.Y.

0_n the Abll'catl'on o_f D#1'ohant1'ne P#roram1'n Concepts t_o Stock-

4cutt1'n Problems.
 

No spec1'f1'c problems of‘ the one-dl'men31‘onal stock cuttl'ng

act1'v1'ty are d1'scussed. Problem I m1'n1'm1'zes the max1'mum absolute

dev1'at1'on of reall'zed productl'on from deSI'red productl'on subJ'ect

to upper and lower bounds on the total quantl'tl'es produced of m

dl'fferent lengths. Problem II determl'nes the stock length (or stock

lengths) that m1'n1'm1'zes the total materl'al used and sat1'sf1'es a
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gl'ven demand schedule. The approach to both problems 1's through

Dl'ophantl'ne arguments and dynaml'c program1'ng formulatl'ons.

 

mEmER J. FEDEROWICZ, Westl'nghouse Research Laboratorl'es,

Pl'ttsburgh.

Asmptotl'c and bAprox1'mate #Maltl'c Solutl'ons _toGeometr1'c LProrw-

Jmln Problems.

Zener's 1'n1't1'al result (I961) showed that an analytl'c solutl'on

to a Sl'mple (1'.e. zero degree of dl'ffl'culty) geometrl'c programl'ng

problem can always be obtal'ned. Thl's paper shows how an analytl'c

solutl'on to a complex G.P. problem can be obtal'ned by solv1'ng el'ther

an approx1'mte problem or an asmptotl'c problem both of whl'ch are

L.P. problems. The 1'nterpretat1'on of these L.P. problems, the1'r

duals and of the varl'ous cases whl'ch can occur 1'n solv1'ng these

L.P. problems are of l'nterest. The asmptotl'c technl'que has been

appll'ed to transfomer de51'gn equatl'ons,‘ the approxx’mte technl'que

has been useful 1'n obtal'n1'ng answers to large Cheml'cal Equ1'11'br1'um

problems and l'n obtal'nl'ng startl'ng p01'nt solutl'ons to complex G.P.

problems. These results hl'ghll'ght the close the_oret1cal and com-

putatl'onal relatl'onshl'ps whl'ch ex1'st between G.P. and L.P.

JACQUES A. FEmm, Stanford Un1’ver51'ty, Stanford.

quaSL'-convex1't and iseudo-conveXL't _of Quadratl'c Functl'ons.

It 1's well know that qu331'-convex1'ty and pseudo-conveXL'ty

play a "natural" role 1'n nonll'near programl'ng theory. Despl'te th1's,

these notl'ons lack utl'll'ty because they have def1'n1'ng condl‘tl'ons

1'nvolv1'ng 1'nf1'n1'tely mny 1'nequa11't1'es and are not ea51'1y checked.

Extendl'ng two recent works of Be’la MrtOs‘, we prove that tesr

1'ng the qua31'-convex1'ty (pseudo-convex1'ty) of a quadratl'c functl'on

xTDx + ch¢(x) = _12
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on the nonnegatl've (seml'pOSL'tl've) orthant can be reduced to an exa-

ml'natl'on of f1'n1'te1y many cond1't1'ons on the mtrl'x

assoc1'ated w1'th the functl'on ¢, D be1'ng a real square smetrl'c m-

trl'x of order n, c and x vectors of order n.

Thl's cr1'ter1'on appll'es to the quas1‘10nvex1’ty of quadratl'c

functl'ons over convex sets larger than the nonnegatl've orthant. We

are 1'nterested 1'n the mx1'mal dom1'n of qua31'—convex1'ty for a qua-

dratl'c functl'on and g1've a characterl'zatl'on thereof. A 31'm1'lar ana-

ly51's 1's pursued for pSeudo-convex1'ty.

JEM CWES FIOROT, Faculte’ des Sc1'ences, L1'lle.

. . . . nSom Llnear Inequalltles 1n Z .

We propose to resolve practl'cally some 11'near 1'nequa11't1'es 1'n

1'ntegers 1'.e. to generate all the vectors w1'th 1'nteger components

whl'ch satl'sfy the follow1'ng 1'nequa11't1'es.‘

l) M 2 b where A 1's a mtrl’x w1'th 1'nteger or ratl'onal entrl'es - 1't

w1'll always be so 1'n the follow1'ng - of rank n, w1'th n rows and
nn coluums, b e R .

Then M >_ b 1's 3 regular polyhedral cone whose vertex x- 1'5 the

unl'que solutl'on (non necessar1'1y 1'nteger) of M - b.

We 1'ntroduce a partl'cular set (noted Pf) of 1'nteger p01'nts

called fundamental p01'nts all Sl'tuated 1'n a parallelotop the faces

of whl'ch are parallel to those of the cone.

Theorem.’ Every 1'nteger po1'nt of a regular polyhedral cone of
n . . .m 1s e1ther a p01nt of P or 1's translated from a p01'nt of Pf byf

1'nteger translatl'on vectors parallel to edges of the cone.
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The set Pf and the translatl'on vectors are perfectly detem1’ned.‘

a constructl'on of them 1's gl'ven. A Sl'mple fomula gl'ves the umber

of these fundamental p01'nts.

2) M >_b, A of rank m w1'th m rows and n colms, m < n, b am”.

As before we 1'ntroduce Pf and the ll'near var1'et1'es

K.
J

{x I A.x1 b1., 1' # J'} and

*
A II 0‘{x I A1.x 1., 1' -— l,2,.._.,m} .

A corollary 1's gl'ven.

3) In the case when M >_b defl'ne a polyhedral cone whose nmber of

faces 1's greater than the dl'men51'on of the space, we decomose

the cone 1'nto a un1'on of regular cones hav1'ng at most one face

1'n comon and we apply 1).

4) b <— M <— c, A of rank n, w1'th n rows and n colms, b and c are

vectors ofRn. Th1's defl'nes a parallelotop ofmn. We 1'ntroduce

a set of 1'nteger p01'nts (noted Pf*), called fundamental p01'nts of

the parallelotop whl'ch 1's a subset of P assoc1'ated w1'th one of
f

the cones asmptotl'c to the parallelotop. A theorem 1's gl'ven.

5) We also treat the case of an unbounded parallelotop defl'ned by

beJ <_ AJx 5 CJ, bJ‘ _< AJ,x, |J U J'| -- n,

J. of rank n.

Or by.-

s AJ.x, J —- {1,2,...,s},bJ <_ AJx 5 CJ, bJ!

J' - {s+l,...,m}, m < n, AJ U J, of rank m.

Appll'catl'on'. Let us con81'der the problem.‘
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PM '. Mu {fx I M >— b} where fx 1's a 11'near fom, and {x I M >— b}

1's a cone. Let us suppose that the vertex x—l's the optl'mm for PM,

Thl's concluSI'on 1'sthen the optl'mum 1'n 1'ntegers 1's a p01'nt of Pf.

1'dent1'cally extended to the parallelotop replac1'ng the set Pf by Pf*

J.S. FOLERS and O.B. de GANS, Delft Unl'vers1'ty of Technology, Delft.

Geometrl’c P#roram1'n.' Some_Mrd Questl'ons.
  

The 11'terature on geometrl'c program1’ng my be sumarl‘zed by a quo-

tatl'on from one of the pwll'catl'onS'. "Wen 1't works, 1't works adm1'-

rably".

Tryl'ng to apply the method to some relatl'vely sx’mple problems, the

authors were faced w1'th the Sl'tuatl'on 1'n whl'ch 1't dl'd not work. Thls

paper 1's a report on the ana1y31's of the questl'ons ra1'sed by that

fal'lure, whl'ch are Ml'nly concerned w1'th the use of Lagrange mu1t1'-

p11'ers for the development of geometrl'c progrml'ng.

 

A.M. GEOFFRION, Unl'ver51'ty of Call'fornl'a, Los Mgeles.

Vector MX1'mal Decomp051't1'on #Proram1'n.

Mny problems 1'n large-scale mathemtl’cal progrml’ng, decen-

trall'zed economl'c plannl'ng, and engl‘neerl'ng can be cast 1'n the fol-

low1'ng tems. There 1's a system composed of a umber of subsystems,

each seekl'ng to optl'ml'ze 1'ts om obJ'ectl've functl'on by ch01'ce of

1'ts om varl'ables but subJ'ect to some control by a coordl'nator of

the system as a whole. The task of the coordl'nator 1's to exerc1‘se

control over the subsystems 1'n a way that achl'eves the most preferred

vector mx1'mum of the (possl’bly 1'ncomensurate) subsystem obJ'ectl've

functl'on values.

No 1'terat1ve coordl'natl'on procedures are derl'ved for a fal'rly

broad class of nonll'near but convex systems, one "globa1" 1'n 1'ts



 

43

v1'ew at each 1'terat1'on and the other "local". These procedures can

be v1'ewed as exten51'ons of the Tangent1'a1 Approx1'mat1'on and Large-

Step Subgradl'ent methods presented 1'n a prev1'ous paper by the au-

thor ["Prl’ml Resource-Dl'rectl've Approaches for Optl'm1'21'ng Non-

lx'near Decomposable Systems," The W Corporatl'on, m—5829-PR,

December, 1968,' soon to be publl'shed 1'n ROeratl'ons Research]. The

1'mp11'cat1'ons of each procedure for decentrall'zed dec1’31'onmk1'ng

are exml'ned. Some 1'nterest1'ng p0851'b1'11't1'es are 1'nd1'cated for

1'nteract1'vely gu1'd1'ng the coordl'nator when he cannot expll'c1'tly

state h1's entl're preference functl'on. Th1's 1'n turn ral'ses some very

fundamental questl'ons concernl'ng how a dec1'51'onmaker can or ought

to deal Sl'multaneously w1'th numerous cr1'ter1'a.

GEMSON URI, Hungarl'an Academy of Sc1'ences, Budapest.

_AMod1'f1'ed ésteppl'n-Stone #Alorl'thm for the Transportatl'on Problem.

The computatl'onal efforts requl'red for the steppl'ng-stone

algorl'tm to solve the transportatl'on problem

(1' -— l,2,...,m)

H545

>4 II a:

l,2,...,n)

"FA
B N u U A l—I u

(1' -— l,2,...m,' J' -— l,2,...,n)

B H. 5 M

tha
n 0 x

can be reduced by carryl'ng out the transformtl'ons of the numbers

6.. -— z.. - c.. throughout ba51's changes 1'n the follow1'ng way.
1] 1J 1J

Gl'ven a set H as a system of ba51's cells, let us con51'der the

nmbers 6.. - 2.. - c.. and let 6.'. be thel'r new values after a
1] 13 1J 11
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cell (1'O,J'0) e H leav1'ng and another cell (1'],J'l) é Henterl'ng the

baSL's. Now let us construct the sets C and D, wh'chrepresent some

rows and colms of the transportatl'on tableau respectl'vely, by the

follOW1'ng algorl'tm'c labelll'ng process. F1'rst let us label the l'lst

row and the colms of all ba51's cells, except the cell (1'0,J'0)

lyl'ng 1'n the 1' st row. At the general step let us label the rows1
of all ba51's cells lyl'ng 1'n the prev1'ously labelled colums, pro-

v1'ded that these rows have been unlabelled t1°ll now. Next let us

label the colms of all ba51's cells, except the cell (1'0,J'0)

lyl'ng 1'n the rows labelled J'ust now, prov1'ded that these calms

have been unlabelled t1'll now. The process teml'nates when e1'ther

no further row or no further colm can be labelled 1'n th1's way.

We 1'nd1'ces of all labelled rows w1'll fom the set C and the 1'nd1'ces

of all labelled colms w1'll fom the set D. We transfomt1'on

fomlae for the nmbers are as follows.‘

6'
1'3' 1'J'

II o. 1'f 1' e C and J' 5 D,

or 1' é C and J' 4 D,

6.'. —— 6.. - 6. .
13 13 11,11

1'f 1' e C and J' $ D,

at. 5..+<s. . ifiéCandjeC.11 13 11,1,

we method descrl'bed here for the transfomtl'on of the num-

bers 61.J. 1's also 1'nserted 1'n the algor1’tm elaborated 1'n detal'ls.

P.M. Gm, V1'rg1'n1'a Polytechnl'c Instl'tute, Blacksburg.

#Mult1'-ste Gradl'ent Methods for Non~11'near #Prorm1'n.

We conSL'der a general mthemtl'cal progrm1'ng problem of op-

tm'1'21'ng a functl'on

1.]F(X) -— F(xl,x2,...xn)



 

45

subJ'ect to constral'nts

8i(x) = 81-(xlsx2,-'-»x oo-om 1.2
n

and

1.3x. 0 1' - l .... .1 2 n

Several subsets of thl's general problem have been solved by gradl'ent

methods. As a class the gradl'ent methods are based on the ex1'stence

of a contl'nuous curve (a traJ'ectory) from any p01'nt X0 to the opt1'-

ml X* such that the F(X) 1's a mnotonl'c (1'ncrea51'ng or decrea31'ng)

functl'on along the cuwe. Although 1't 1's not necessary, 1't 1's de-

s1'rable that the entl're traJ'ectory 11'es w1'th1'n the fea31'ble domal'n

descrl'bed by 1.2 and 1.3. In the steepest gradl'ent methods the d1'-

rect1'ons of the traJ'ectory and the steepest gradl'ent cox'nc1'de. In

deflected gradl'ent methods a d1'rect1'on other than the d1'rect1'on of

the steepest gradl'ent 1's chosen.

me Step F1'n1'te Iteratl'on Methods.

Most practl'cal gradl’ent method solutl'ons to mathematl'cal pro-

grams employ ll'near steps of f1'n1'te length. The traJ'ectorj‘ 1's re-

placed by sements of stral'ght 11°nes. The length of each step 1's

obtal'ned by opt1'm1'21'ng the obJ'ectl've functl'on along the chosen d1'-

rectl'on (full step) or as a multl'ple of the full step. The dl'rec-

t1'on 1's chosen by a matrl'x transformatl'on of the gradl'ent d1'rect1'on.

Thus a "one step f1'n1'te 1'terat1'on" method can be descrl'bed as

sk - HkV¢> (Xk,Uk)

*

fl
*

+ F(X.k + ak Sk) >_ F(xk +a Sk) for any aak

m deal'gnat1'on "one step" 1'mplL'es tMt the opt1'm1'zat1'on poll'-

cy (yk,%) 1's deteml'ned for one step at a tl'me and "f1‘n1'te" 1'mp11'es

a f1'n1'te movement (a - H'_l) for each step rat‘her than 1'nf1'n1'te31'mal
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movement 3X 1'n pure gradl'ent methods. Exmples of one step f1'n1'te

1'terat1’on procedures are

a) Steepest gradl'ent methods when Yk —— l and % = I for each R

1'3 a prOJ'ectl'on matrl'x andb) Gradl'ent PrOJ'ectl'on methods when Rk

1's orthogonal to eachc) ConJ'ugate gradl'ent methods when S

Sl|l<k.
k

Mult1'-Step F1°n1'te Iteratl'on Methods.

In an s-step f1'n1'te 1'terat1'on method the opt1'm1'zat1'on poll'cy

1's deteml'ned for "s" steps Sl'multaneouslywhl'charel'ncorporated 1'n-

to a Sl'ngle computatl'onal process. Consequently an s-step method

would be des1'rab1e 1'f

a) the error (or Suboptl'ml'zatl'on |F(x*) — F(fl)’) after one l'tera-

t1'on of s-step method 1's smaller than s 1'terat1'ons of a one step

method,‘ and

b) the computatl'onal effort for one 1'terat1'on of an s-step method

1's smaller than s l'teratl'ons of a one step method.

Mu1t1'-step methods have been studl'ed extens1'vely 1'n connectl'on w1'th

the solutl'ons to 11'near algebral'c systems and the rate of conver-

gence o'f mult1'-step methods 1's show to be unl'formly superl'or to

correspondl'ng one-step methods. Although mult1'-step methods have

not been used for M.P. problems, the "Pattem Search" procedure

used for unconstral'ned experl'mental optl'ml'zatl'on can be show to

be an elementary mlt1'-step method.

The purpose of thl's comunl'catl'on 1's to extend the appll'catl'on

of mult1'-step gradx’ent methods to the solutl'on of general mathema-

t1'ca1 progrm1‘ng problems. Successful mult1'—step solutl'on tecM1‘-

ques can be developed by express1'ng the Kuhn—Tucker optl'mll'ty

cond1't1'ons as a system of equatl'ons (l'n the general case these

would not be 11'near) and solv1'ng them by a mlt1"wtep gradl'ent pro-

cedure. Thl's paper descrl'bes the condl'tl'ons for convergence and the

rate of convergence 1'n the generall'zed case. A Sl'mple 21tep algo-
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r1'tm 1's descr1'bed for the Quadratl'c Progrml’ng problem as an 1'llus-

tratl'on and poss1'ble exten31'ons to experl'mental optl'ml'zatl'on are

d1'scussed.

 

FWCO GIWSSI, Un1'vers1'ta' d1' Vene21'a, Ven1'ce.

_ofilare scale.

The al'm of th1’s paper 1's fl'rst of all the descrl'ptl'on of an

algorl'tm whl'ch lets us to solve a 11'near program1’ng problw by

con51'der1'ng the m constral'nl'ng equatl'ons one at a t1'me,' tMt's we

con51'der m 11'near program1'ng problems wh1'ch MVe the sme obJ'ec-

t1've functl'on as the 1'n1't1'al problem, and whl'ch MVe, as constral'nts,

the f1'rst equatl'on, the f1’rst two,..., the fl'rst m equatl'ons of the

1'n1't1'al problem respectl'vely, and obv1'ously the nonnegat1’v1’ty m'-

equall'tl'es. Mow1'ng a solutl'on of the f1'rst subproblem we go to a

solutl'on of the second subproblem, and so on to a solutl'on of the

last subproblem, whl'ch 1's 3 solutl'on also of the 1'n1't1'al problem.

Such an algorl'thm (whl'ch 1's a varl'ant of Sl'mplex Method) 1's

d1'fferent from the Cross-sectl'on Method (by J.J. Stone), because L't

m1'nta1'ns the optl'mall'ty (1'nstead of the feaSL'bl'll'ty) durl'ng the

varl'ous 1'terat1'ons.

The algorl'thm we 1'ntroduce has some advantages 1'n respect of

those already ex1'st1'ng‘. 1't 1's more eff1'c1'ent from a computatl'onal

v1'ew01'nt (we have a cut of about 50.7 1'n computatl'onal tm'e and of

about 307° 1'n requl'red memory l'n respect of Rev1'sed Sl'mplex Meth.

Moreover,1't does not degenerate and cannot have cycles.

The preceedl'ng algorl'tm 1's especx'ally 1'nterest1'ng when appll'ed

to ll'near programl'ng problems of large scale. In these problems,

as 1't really happens, the mtrl'x of constral'nl'ng system Ms a large

umber of zero elements, ml'ch are not a551'gned at random, but they

are arranged to fom submatrl'ces (blocks),' th1's Mppens for 1'n-

stance 1'n block angular, and block tr1'angular problms. m such
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cases the algorl'tm we con31'der lets us operate only on non—zero

blocks of the mtrl‘x of constral'nl'ng system, by solvx'ng only at one

t1'me tm subproblems wm'chcorrespond to the preceedl'ng blocks.

We obseme that by suchan algorl'tm 1't 1's p0531'b1e to treat

1'n the same way block angular, block tr1'angular problems and every

other problem contal'nl'ng some zero blocks located at random.

T1'll now we have exper1'mented the algorl'tm on mny nmerl'cal

problems w1'th an unexpected success.

At last an extensx’on of such algorl'tm lets us con31'der 1'n a

$1'm1°1ar way quadratl'c progrml'ng problems hav1'ng zero blocks. me

numerl'cal emerl'ments 1'n th1's f1'eld are at the begl'nna'ng.

The algor1'tm we have 1'ntroduced Ms been appll'ed w1'th success

to optl'ml control and stochastl'c programl'ng problems.

P.E. GILL and W. WMY, Natl'onal Phy31'cal Laboratory, Teddl'ngton.

ml's paper 1's concerned w1'th the solutl'on of the follow1'ng

ll'near programl'ng problem.‘

. T
m1n.° c x

subJ'ect to

ATx >_ b.

Standard 1'mplementat1'ons of the Sl'mplex Method have been show to be

subJ'ect to computatl'onal 1'nstab1'11't1'es. A nmerl'cally stable fom of

the Sl'mplex Method 1's presented w1'th storage requ1'rements and com-

putatl'onal eff1'c1'ency comparable w1'th those of the standard fom.

The algorl'tm 1's based on the ab1'11'ty to recur from one 1'tera-

t1'on to the next the lower tr1'angular matrl'x Li where.‘

A.TA. = L.L.T ,1 1. 1 1
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A1. be1'ng the matrl'x of coeff1'c1'ents of the actl've constral'nts at the

1'th 1'terat1'on. Although the pr1'nc1'ple concern of the paper 1's not

w1'th constral'nts w1'th a large number of non—zero elements, all neces-

sary mod1'f1'cat1'on fomulae for the extens1'on to these cases are

given .

We algor1'tm has the follow1'ng features‘.

(1') We algorl'thm adml'ts non-Sl'mplex steps, for 1'nstance, a

step can be made across the 1'nter1’or of the fea51'b1e re-

gl'on. ml's feature enables the method to be readl'ly gene-

rall’zed to quadratl'c and non—ll'near progrml'ng.

(1'1') me algorl'thm only needs an 1'n1't1'al p01'nt whl'ch 1's feas-

1'ble.

(1’1'1') In add1't1'on to the storage needed to defl'ne the problem

the algor1'thm requ1'res at most half the storage requl'red

for the Rev1'sed Sl'mplex Method.

(1'v) The umber of operatl’ons 1'nvolved per 1'terat1'on 1's at

most 0(nm) where n 1's the number of varl'ables and m the

umber of constra1'nts.

R.E. GOMORY and E.L. JOHNSON, I.B.M. Thoms J. Watson Research

Center, Yorktom Hel'ghts, N.Y.

gApll'catl'ons _to ¢Inteer #Proram1’n.

Methods w1'll be presented for generatl'ng 1'nequa11't1'es and ter-

m1'nat1'ng condl'tl'ons useful 1'n enumeratl'on or branch-and'bound algo—

r1'tMs for 1'nteger programl'ng. These methods av01'd the complex1'ty

of the corner polyhedra correspondl'ng to large groups and are nu-

mer1'cally Sl'mple. Tm work 1's based on approx1'mat1'ng any corner

polyhedron u51'ng a class of contl'nuous functl'ons ar1'31'ng from a

fl'xed comer polyhedron. Tm theory 1's extended to apply to mm‘ed

1'nteger progrms. Numerl'cal experm‘ents m’ll be descrl'bed to gl've

an 1'nd1'cat1'on of the effectl'veness of tMse methods.
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S. mMNSTEIN, IBM N.Y. Sc1'ent1'f1'c Center, New York.

_m LAlorl'tm for #Pro'ect #('ob) ASequenc1‘n m'thResource Contral'nts.
 

In th1's paper we present an algorl'thm for solv1'ng the prog'ect

schedull'ng (machl'ne schedull'ng 1's 1'ncluded 1'n prOJ'ect schedull'ng)

problem w1'th resource constral'nts.

me machl'ne schedull'ng problem has been fomulated J.'n several

ways as an 1'nteger program,' 1't 1's tlLe fomulatl'on as. a d1'SJ'unct1've

graph that we are concerned w1’th 1‘n thl’s paper. Th1's 1'nvolves the

1'nsert1'on of d1'SJ'unct1've arc pal'rs 1'nto the network. A d1'SJ'unct1've

arc pal'r 1's a pal'r of arcs between nodes, and only one of them 1's

peml'tted to appear 1'n a der1'ved fl'xed network. A selectl'on of one

out of each pal'r of d1'SJ'unct1've arcs determl'nes a fl'xed network

whl'ch represents the sequence of proce551'ng on each machl'ne. Th1's

network has a cr1't1’cal (longest) path. The optl'ml solutl'on 1's a

selectl'on (out of all selectl'ons w1’thout c1'rcu1'ts) from all the

d1'sg'unct1've arc pa1'rs such that the resultl'ng fl'xed network has tm

m1'n1'mal crl'tl'cal path length,‘ 1'.e., a m1'n1'max1'mal pathl's sought,

or ml'nl'mum overall proce551'ng t1'me.

A further generall'zatl'on 1's to allow for more than one mchl’ne

of each type and to allow for more general J'obs (pIOJ'ects) tMn

sequencl'ng through a set of mac.h1'nes. A mult1'-pr03'ect networkw1’th

resource constral'nts can be cast 1'nto th.1's fom. In th1's case we

have to allow for the p0351'b1'11'ty that nel'ther of the d1'SJ’unct1've

arcs of a pal'r need appear 1'n a partl'cular network deteml’ned by

a selec_*1'on. However we need the add1't1'onal condl'tl'on that a network

must be fea51'ble w1'th respect to resources to be e11'g1'ble for con-

s1'derat1'on,‘ tb.at 1's, there must be suff1'c1'ent resources to actually

accomp11'sh the proce351'ng repre.sented by the network. The fea51'b1’-

11'ty of a network can be related to the generall'zed coeff1’c1'ent of

1'ntemal stab 1'11'ty of 1'ts t1.‘ans1't1've closurcO. The gene.rall"7.at1'on

to more than one machl'ne of each tne or to more general resources

requl'res a fea51'b1'11'ty check, that 1's, tMse networks tut are not
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fea31'ble w1'th respect to resources would have to be e11'mm'ated from

con51'derat1’on, and the cr1't1'cal pathcomputatl'on made only for acy-

cll'c, feasx’ble networks.

The prosp'ectl've advantage of thl's approach 1's the elm'l'natl'on

of the need to consx'der 1'nd1'v1'dual tl'me perl'ods over the progrm

horl'zon. m algorl'tm 1's presented whl'ch uses partl'al enmeratl'on

for wMt 1's essentl'ally a ml'xed 1'nteger progrw. The algorl'tm em-

ploys a mx1'mm flow computatl'on as a check for feas1'b1'11'ty w1'th

respect to aval'lable resources.

 

F.J. GOWD and JON W. TOLLE, Unl'ver31'ty of NorthCaroll'na, Chapel

H1’ll.

_———_—————.—_——.—_——.—_—

 

The follow1'ng optl'ml'zatl'on problem w1'th ml'xed constral'nts 1's

con31'dered°. mx1’m1‘ze

f(x),

subJ ect to

g1.(x) _< 0, 1' -— 1,...,m,' rl.(x) -— 0, 1' -— l,...,k,' and
nx e D c R , n

ere D 1's an arb1'trary set 1'n R . The obJ'ectl'Ve and constral'nt

functl'ons are assumed to be cont1'nuous on some open set contal'nl'ng

D and d1'fferent1'able at a local optl'mum for the g1'ven problem. A

weak quall'fl'catl'on 1's g1'ven whl'ch 1'nsures that thl's problem satl's-

f1'es the analogue of the Kuhn-Tucker condl'tl'ons at the local opt1'-

mm. The quall'fl'catl'on 1's weaker than that of Mangasarl'an and

Fromov1'tz, and for the problem w1'th pure 1'nequa11'ty constral'nts 1't

1‘s weaker tMn the quall'fl',cat1'ons of Abadl'e and of Arrow, mml'cz

and Uzam. It 1's show to be tm wakest poss 1'b1e 1'n tm sense of

bel'ng necessary and suffr’c1’ent for Lagrange regular1"ty of the above
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problem. In the spec1’al case of pure equa11°ty constral'nts, the new

quall'fl'catl’on 1's ev1'dently necessary, and suff1'c1'ent for the clas31'-

cal Lagrange multl'pll'er rule to be vall'd. In order to express the

quall’fl'cat1°on, suppose x0 1's a local solut1'0n to the g1'ven problem.

Let

Io —- {1'.' g1.(x0) -— O, 1.<_ 1' <_ m},

n T .C0 —- {x e R . x vg_l-(x0) S 0, 1 5 IO},

0* be the orthogonal complement of the subspace spanned byand let L

Vrl.(x0), 1' -— I,...,k.

Let A' be the polar cone of an arbl'trary set A C Rn, let S be the

constral'nt set of the gl'ven problem, and f1'nally let T(S,x0) be the

cone of tangents to S at x Then the weak constral'nt quall'fl'catl'on0.

ca'n be stated as

(CO n LO‘L)' -- T'(S,x
0)'

G. GMVES and mmw WINSTON, Purdue Unl'ver51'ty, Lafayette, Ind.

bAll'Catl'On _of Mathematl'cal #Prorml'n _to LRel'onal Water Q4ua11't

#Manaement.

 

It has become apparent that maJ'or changes are de51'rable 1'n the

1'nst1'tut1'onal structure for water quall'ty 1'n the Unl'ted States, The

deSL'rable structure would be a regl'onal or ba51'n-w1'de water quall'ty

mnagement authorl'ty.

A Sl'ngle agency would control all dl'SCMrges (1'ndustr1'al and

munl'c1'pal) and operate all treatment plants 1'n a regl'on. It would

contruct new regl'onal treament plants 1'n Optl'mum locatl'ons and con-

trol the d1'str1'but1'on ap.d refil'strl'butl'on of treated and partl'ally

treated wastes.
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The authorl'ty would be respon51'ble for f1'nd1'ng and m'plement1‘ng the

least cost solut1'on of meetl'ng the strem (or estuary) water qua11'-

ty goals. The questl'on of settl'ng water quall'ty goals relates to

soc1'al and economl'c de31'res and needs. Th1's questl'On need not be

resolved by the authorl'ty but 1't could make valuable contrl'butl'ons

totheratl'onall'ty of the process. Wen a change 1'n goals 1's pro-

posed, the authorl'ty w1'll deteml'ne the 0pt1'mm solutl'on to meet

the cMnges 1'n add1't1'on to the cost. Thus, an 1'nformed publl'c should

be better able to dec1'de wMt quall'ty of water 1't 1's w1'111'ng to pay

for.

It 1's the purpose of th1's work to present a plannl'ng tool (al-

gorl'tm) to prov1'de optl'mal solutl'ons for tm complw cM1'ces 1'n-

volved 1'n balanc1'ng altematl've methods for attax’nl'ng water qua11'-

ty goals. As one ml'ght suspect, there are a tremendous umber of

alternatl'ves that would achl'eve these des1'red goals 1'n a body of

water. One of the most comonly proposed solutx'ons 1's for tm pol-

luters to 1'ncrease the1'r levels of treatment. Th1's 1's also one of

the most expen51've solutl'ons.

W1'th1'n the framework of a proposed regl'onal water quall'ty m-

nagement authorl'ty, we are g01'ng to 1'nvest1'gate tm's problm w1’th

some powerful tools from non-ll'near programl'ng and control thory.

Note that for the Delaware estuary, whl'ch we are g01'ng to study,

an authorl'ty such as proposed above (nmely the Delaware Rl'ver Basx’n

Com1'381'on) already ex1'sts.

Consx'derl'ng the Sl'ze and complex1'ty of the problem, cm cost

of computer t1'me, and aSSuml'ng a reasonable number of computer runs,

one of the prl'me goals of th1's work was to develop an algorl'tm tMt

gl'ves eff1'c1'ent solutl'ons 1'n a reasonable tl'me. Tm's becme a for-

m1'dable undertakl'ng because of the many undesx’rable features 1'nhe-

rent 1'n our non-ll'near program1’ng model of the phy51'cal Sl’tuatl'on.

It has" over 2000 varl'ables and over 80 constral'nts. Some of tm

f1'rst partl'al derr‘vatl'ves are d1'scont1’nuous and tm transfer func-

t1'ons have such a m’de range tMt scalr‘ng 1's extremely d1’ff1‘cult.
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J. GMENSTmT, IBM N.Y. Sc1'ent1'f1'c Center, New York.

Varl'ablefletrl'c Formulas frOm Varl‘atl'onal #Prl'nc1'les.
 

We mal'n problem 1'n varl'ablemetrl'c meths 1’s to estm'ate

the essentl'al quantl'tl'es tMt cMracterr’ze a quadratl'c approx1'mat1'on

to the functl'on to be m1'n1'm1’zed. In tbse problems 1'n ml'ch the

gradl'ent can be 1'ndependently calculated, the essentl’al qumtl'tl'es

are the components of the (smetrl'c) He551'an mtrl'x. Wre the

gradl'ent cannot be 1'ndependent1y calculated, 1't 1's neces sary to

estl'mate 1't (or some ver51'on of 1't) as well.

By def1'n1'ng a "best" correctl'on (1'n th.e sense of m1'n1'm1'21'ng a

quadratl'c mom) to be mde to the essentl'al quant1't1'es after each

step, and by 1'mp051'ng certal'n natural restrl'ctl'ons on these correc-

t1'ons (whl'ch are based on 1'dent1't1'es holdl'ng for quadrat1'c functl'ons),

one 1's let to an equall'ty-constral'ned varl'atl'onal problm, m'ch

1's eaSL'ly solved. By a551'gn1'ng varl'ous Sl'mple foms. to certal'n

wel'ghtl'ng matrl'ces appearl'ng l'n the quadratl'c norm, one my generate

varm'ous correctl'on formulas (1'nclud1'ng the wellflom Dav1'don for~

mula). In the gradl'ent-free case, formulas for the correctl'ons to

the estl'mted gradl'ent and to the estl'mated He351'an result.

These formulas have been tested on a computer, and all conver-

ge and yl'eld the correct Hes31'an at the end. (The exceptl'ons are

those cases where the m1'n1'mm 1's not quadratl'c). The result for

varl'ous well-know test functl'ons w1'll be Show.



55

MICHEL D- GRIGORIADIS >, IBM N.Y. Sel'entl'fl'c Center, New York.

Probl1m~s.

fll's paper descrl'bes a partl'tl'onl'ng method for solv1'ng the fol-

low1'ng structured nonll'near programl'ng problem.‘

f(xl*,...,fi*,y)* -— mx'n {f(x],...,fl,y) I (xl,...,fl,y) e S}

where

(I) ll

r-H N m E u J'-—l,...,k,' y 6 Y}

S.
J {xj €1an; y 6 Y I Bj'xj + Dj'y s hj}; j=l9"'9k

Y = {y em“0 | Dow) <— 0}
k
J'-lf(x],...,fl,y) —- Z fJ-(XJ.,y) + f0(y)

B.‘ D.‘ h. are m. n. and m. n matrl’ces and m.-vectors res ec—J’ J, J (J, (J, J p

tl'vely and D0.' Bn0+m% 1's a gl'ven vector functl‘on.

The proposed algorr’thm uses the spec1'al structure of the con-

stral'nts to reduce the gl'ven problem by ell'm1'nat1'on of varl'ables.

In varl'ance to other methods proposed preV1'ously, thl's e11'm1'nat1'on

1's effected through the use of the general solutl'on to an underde—

terml'ned system of ll'near equatl'ons representl'ng the actl've con—

stral'nts at a gl'ven fea51'ble por'nt. For weakly coupled systems
k m. . . . .(nO << z.__]nJ.), ts arrangement prov1des a drastlc reductlon 1n
J

tm number of varl'ahles and tm problem reduces to one wl'th only n'

var1"ables. Under approprr’ate d1"fferent1"ab1°11'ty assmptl'ons 1't 1's

show tMt a constral'ned statl'onary p01'nt of the overall problem
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1'5 obtal'ned by solv1'ng a sequence of the reduced nonll'near programs.

Prl'ml fea51°b1'11'ty 1's m1’nta1’ned thougMut the optl'ml'zatl'on pro-

cedure. Global optl'mll'ty of the solutl'on 1's then assured by add1'-

t1'onal convex1'ty assmptl'ons on f and Do.

Spec1'all'zat1'ons to quadratl'c functl'ons f(x,y), mtrl'x struc-

tures ar1'51'ng 1'n d1'str1'but1'on problems, 1'mp11'c1't handll'ng of upper

and lower bounds on the varl'ables (x,y) and the resultl'ng algorl'th-

m1'c s1'mp11'f1'cat1'ons are also dl'scussed. Comutatl'onal uperl'ence

and results for several structured quadratl'c progrm1’ng problems

are presented.

MICML D. GRImRIwIS and W.W. WITE, IBM N.Y. Sc1'ent1'_f1'.c Center,

New York.

 

blem.
 

ml's paper presents an algorl'tm for solv1'ng tm multl'momo-

d1'ty flow problem for d1'rected networks. Approprl'ate partl'tl'onS» of

the network 1'nto the usual master problem-subproblem d1'v1’31'ona11'za-

t1'on are used 1'n the framwork of a flow method. Thl's approach d1'f-

fers from spec1'a11'zat1'ons of Dant21'g-WO1fe decomp051't1'on and 1's ex-

pected to av01'd the fam1'11'ar "ta1'11'ng" problems encountered w1'th

that method.

For treatl'ng the subproblem, the structure of the assoc1’ated

network 1's utl'll'zed. My network technl'que wh1'ch records tlle tree

structure 1's satl'sfactory Sl'nce the comutat1'ons performed are es-

sentl'ally those of tm usual network flow varl'ety, e.g. as 1'n the

Out—of-h’lter mtmd. Maly31's of any nonbas.1'c arc 1'n a subproblm

mounts to fL'ndl'ng a cycle contal'nl'ng th1's are along whl'ch flow

can be aumented.
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The 'Mster" problem 1's a ll'near program whl'ch 1's treated by

a modl'fl'catl'on of tm Sl'mplex method. m certal'n cases, use of a

mod1'f1'ed dual Sl'mplex meth 1's con31'dered. For computatl'onal ef-

f1'c1'ency these algorl'tMS ut1'11'ze a workl'ng ba51's of con31'derably

smller dl'men31'on than the umber of arcs 1'n the gl'ven network. A

set of secondary constral'nts 1's perl'odl'cally examl'ned durl'ng the

optl’ml'zatl'on procedure. Addl’tl‘onally, the network structure of the

subproblems and tut of the boundl'ng requl'rements allow the gene-

ratl'on of nonba31'c colums for the master problem 1'n a Sl'mple fash-

1'on. Thus emll'c1't representatl'on of thl's problem 1's av01'ded.

He proposed algorl'thm 1's e351'1y extended to Mndle the case

where there are gl'ven restrl'ctl'ons on the wel'ghted sms of the flow

through the arcs. Some computatl'onal aspects, 1'nclud1'ng programl'ng

and data handll'ng conSL'deratl'ons, 1'n comparl'son to other ex1'st1'ng

methods are also d1’scussed.

M. GUIGNAM, Un1'vers1'ty of L1'lle, L1'lle, and

K. SPIELBERG, Im N.Y. Sc1'ent1'f1'c Center, New York.

___—.——_—_—

Thl's paper reports exten51'ons of, and results obtal'ned w1‘th,

the algorl'thm proposed 1'n "Search Technl'ques w1'th Adaptl've Features

for Certal'n Integer and Ml'xed Integer Program1'ng Problems", M.

Gul'gnard, K. Sp1'e1berg, IFIPS Congress 1968. Con31'der the problem

m1'n ; -— 6g + ya

(I)Dg+Cn<_B

£20 8 {0,1}, k = 1121°pr’ nk

and an enumeratl've search procedure of the Sl'ngle branch type.
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At a node v of the search tree the Sl'tuat1'on 1's as follows. Certal'n

components nk are fl'xed at one (zero), 1'.e..‘ k 8 EV (k e Zv). The

others are yet "free", k e FV. The task 1's to dev1'se effectl've de-

v1'ces for.‘

a) deteml'nl'ng whether the node may be abandoned (return to a pre-

decessor node),

b) deteml'nl'ng what free varl'able may be ell'ml'nated at the node,

c) ch0051'ng a new branch of the tree, 1'.e. f1'x1'ng some free varl"a-

ble arbl'trarl'ly at l or 0.

me essentl'al not1'on 1's that of a "state", whl'ch 1's a part1'-

t1'on1'ng of the set of free varl'ables 1'nto three sets,

FV —— (FIV, F2V, F3V).

me state 1's uSually passed from a predecessor node w1'th obv1'ous mo-

d1'f1'cat1'ons. It may be prespecl'fl'ed at the start of the computatl'on

and modl'fl'ed later 1'n aux1'11'ary problems.

Problem (1) 1'5 replaced by a sequence of "State Problems" 8",
one for each v. 5" 1's (1) w1'th

_< 1, k e F3V.- 1(0), k 6 EV + F1V(zV + sz), o _< n knk

me solutl'on to (1) 1'5 eventually obtal'ned as a solutl'on to

one of the state problems. Also, each state problem, whether fea51'-

ble or not, furnl'shes an assoc1'ated 1'nequa11'ty for the nk (related

to those of J.F. Benders), whl'ch 1'n turn 1‘s utl'll'zed 1'n a-c above,

as well as 1'n the establl'shment of global bounds.

General programs have been wr1'tten. One of them funct1'ons w1'th-

1'n a general ll'near programl'ng, ml'xed 1'nteger program1‘ng system

LPS/MIP developed at the IBM New York Sc1'ent1'f1'c Center. Spec1'al

problems of the hapsack - and Plant Locatl'on Type have been con51'—

dered. Numerl'cal results w1'll be d1'scussed.

A well constructed progrm, 1'n wh1'ch the states are determl'ned
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1'nte111'gently and the 1'nequa11't1'es are exp101'ted J'udl'c1'ously, one

or several at a t1'me, should yl'eld good operatl'onal results. Branch-

Bound Programl'ng, for exmple, can be v1'ewed as a Sl'mple, spec1'al

fom of a State Enumeratl'on Algorl'thm, aumented by the usual penal-

ty calculatl'ons.

MILTON M. GUTTEW, Standard 01'1 Company (Ind.), Ch1'cago.

Effl‘c1’ent #Imlementatl'on _of_a Branch-and-Bound LAlorl'thm.

me general ml'xed 1'nteger progrm1'ng problem can be solved,

at least conceptually, by the branch and bound algorl'thm. In order

to mke th1's approach an effectl've computatl'onal tool, a number of

technl'ques must be used to keep the computatl'on tl'me and cost W1'th-

1'n reasonable bounds. These technl'ques can be d1'v1'ded 1'nto four ca-

tegor1’es.‘

algorl'thml'c ch01'ces (heurl'stl'cs)

algorl'thml'c shortcuts

data handll'ng technl'ques

computatl'on technl’ques.

fie f1'rst two categorl'es relate to the algorl’thm deta1‘ls,‘ the last

two to the computer programl'ng work to 1'mplement the algorl'thm.

The author has J'ust 1'mplemented a branch and bound algorl'thm

whl'ch operates under MPS/360 on the IBM system 360. Thl's paper des-

crl'bes the exact algorl'thm whl'ch was 1'mplemented, 1'nc1ud1'ng the

ch01'ces and shortcuts. The data handll'ng and computatl'on technl'ques

whl'ch were 1'ncorporated to 1'mprove effl'cl'ency are also descrl'bed.

Durl'ng the development and l'mplementatl'on of th1's algorl'thm a

number of technl’ques (pr1'mar1'ly 1'n the data handll'ng area) were con-

Sl'dered and reJ'ected because they would take too long to develop.

These techn1'ques are also descrl'bed.
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PETER L. WR, Unl'verSL'te’ de Montre’al, and Technl'on, Hal'fa, and

URI N. PELED, Israel Defence Forces and Technl'on, Hal'fa.

_On_the Max1'm1'zat1'on _of_a Pseudo-Boolean Functl'on.

A B-B—B (Boolean Branch and Bound) type method 1's proposed for

the max1’m1’zat1’on of real valued functl'ons w1'th varl'ables takl'ng only

the values 0 and 1. The 1'mportance of the problem con51'sts 1'n the

fact that numerous problems 1'n operatl'ons research, graph theory,

combl'natorl'al mathematl'cs, etc. can be brought to th1's form. We

method has been tested on an IBM 360/50 w1'th good results.

[I] P.L. WR and URI N. PELED, On the Max1’m1‘zat1’on of a Pseudo-

Boolean Functl'on. Technl'on, M1'meograph Ser1'es on Operat1'ons

Research, Statl'stl'cs and Econom1'cs, No. 69, 1970.

PIEm WSEN, Un1'ver51'te’ L1'bre de Bruxelles, Bruxelles.

Non-ll'near #0-1Prorm1’n lb#1ml1'c1't Enumeratl'on.

m algorl'thm 1's proposed for the problem.‘ m1'n1'm1'ze f(S) under th.e

cond1't1'ons C(S) —> 0 and S E an, where f(S) 1's a pseudo-boolean func-

t1'on, C(S) 1's a vector of pseudo-boolean functl'ons and S a boolean

vector. No requl'rements such as convex1'ty or monotony are made on

f(S) or the functl'ons g1.(S) of G(S), but 1'f such propert1'es do

ex1'st the algorl'thm cm make use of them. A theorem on pseudo-bool-

ean functl'ons prov1'des upper and lower bounds on the values taken

by f(S) or g1.(S) on subsets of the set of boolean vectors. Thl's al-

lows to construct for the general nonll'near O-l progrm1‘ng problem

an 1'mpll'c1't enumeratl'on algorl'thm Sl'ml'lar to those of B&AS, GLOWR,

GEOFFRION for the 11'near case. Because of the nonll’nearl'ty of the

functl'ons, the ce1'11'ng tests and d1'rect or cond1't1'onal fea31'b1'11'ty
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tests are more powerful than correspondl'ng tests 1'n those algo-

r1'thms. Computer experl'ence 1's favourable.‘ all problems of a serl'es

w1'th 40 tems and 10 to 80 var1'ables were succesful 1y passed on an

IBM 7040 w1'th a max1'mum computl'ng t1'me of 626 seconds.

N.A.J. MSTINGS, Unl'ver51'ty of Bl'ml'nghm, Bl'rml'nghm.

ROtl’ml'zatl'on _of Markov Dec1'51'on Problems.

Methods for the optl'ml'zatl'on of Markov dec1'51'on problems have been

developed by several authors u81'ng 11'near and dmml'c progrm1'ng

techn1°ques. The dynml'c progrm1’ng methods 1'nclude the value 1'te-

ratl'on algorl'thm developed by Bellman and modl'fl'ed by Wl'te and the

poll'cy 1'terat1'on algorl'thm of Howard.

A recent development 1's the poll'cy-value 1'terat1'on method of Has-

t1'ngs wh1'ch combl'nes features of both earll'er dynml'c programl'ng

approaches. A d1'scr1'pt1'on of thl's method 1'n 1'ts appll’catl'on to m-

dl'scounted, dl'scounted, recurrent chal'n and trans1'ent Markov pro-

cessess 1's g1'ven 1'n th1's paper. A new and shorter proof of conver-

gence of the poll'cy-value 1'terat1'on algorl'thm 1's also g1'ven. Bounds

on the steady state gal'n of s1'ngle recurrent processess are develop-

ed. These bounds prov1'de a ba51's for teml'natl'ng a computatl'on when

a current pol1'cy g1'ves a gal'n whl'ch for practl'cal purposes 1's suf-

f1'c1'ently close to the optl'mum. Both the poll'cy-value 1'terat1'on me-

thod and the system of bounds extend to Markov renewal progrm1'ng.
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MICWL ELD, IBM Systems Research Instl'tute, New York, and

RICMW M. MM, Unl'ver31'ty of Call'fornl'a, Berkeley.

Salesman Problem.

Thl's paper presents an algorl'thm for the solutl'on of smetrl'c

travell'ng-salesman problems whl'ch embeds an ascent method w1'th1'n a

branch and bound procedure. Central to thl's approach 1's the concept

of a l-tree whl'ch con51'sts of a tree on the vertex set {2,3,...,n}

together w1'th two d1'st1'nct edges at vertex 1. The transformtl'on on

"1‘nterc1'ty d1'stances" c .. + c.. + n. + n. leaves the travell'ng-sales-
1] 1] 1 J

man problem 1'nvar1'ant but changes the ml'nl'mum l-tree,‘ also a tour 1's

a l-tree 1'n wh1'ch each vertex has degree 2.

Clearly,

C + 2 12 Hi. >_ mk1n[ck + 12- n1.dl.k]

where C 1's the wel'ght of a ml'nl'mum tour w1'th respect to (c1.J.), k 1'3

1'5 the wel'ght of the k-th l-treea generl'c 1'ndex for l-trees, c
k

w1'th respect to (cl.J.), and d1.k 1's the degree of vertex 1' 1'n the k-th

l-tree. Settl'ng

w(H) —— m1'n[c + n.(d. - 2)],k k 12. 1 1k

we see that C >_ w(H),' furthermore, the "best" such lower bound on

the solutl'on of the travell'ng-salesman problem 1's g1'ven by max w(H).
H

Varl'ous approaches at ach1'ev1'ng an ascent method for the computa-

tl'on of thl's mxx'mum have been tr1'ed. The one that has been most

successful 1's gl'ven by the foll‘0w1'ng scheme.-

(1) Sat "1- equal to some l'nl'tl'al value n1.
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(2) Fl'nd a l-tree k of m1'n1'mum wel'ght w1'th respect to

,, + TI, + TT,(C1] 1 J)

(3) n. + w. + d.1 1 ( 1k
_ 2)

(4) GO TO 2.

The 1'terat1'on 1's terml'nated when the max1'mum obtal'ned value of W(H)

fal'ls to 1'mprove after a certal'n number of steps. Although convergence

may not be obtal'ned, thl's l'teratl'on scheme seems to work well 1'n prac-

t1'ce. It resembles the method of f1'ct1'c1'ous play for the solutl'on of

max-ml'n gme problems,’ one player ch0051'ng values of H and the other

player ch0051'ng k(l-trees).

The combl'ned ascent and branch and bound method 1's de51'gned to

produce an optl'mum tour 1'n all cases, even when C > max w(H). It may
H

be outll‘ned as follows*. Let X and Y be dl'SJ'01'nt sets of edges. Let

T(X,Y) be the set of l-trees whl'ch 1'nc1ude all the edges 1'n X and

none of the edges 1'n Y. Defl'ne

w (H) -— ml'n [c + Z n.(d. - 2)].
X’Y keT(X,Y) 1‘ i 1 11‘

me state of the computatl'on 1's gl'ven by a 11'st, each of whose entrl'es

has the fom (X,Y,H,w (H)),' w (H) 1's called the "bound" of theX,Y X,Y
entry. Inl'tl'ally the 11'st contal‘ns the Sl'ngle entry (¢,¢,0,w(0)). At

(H)) of least bound 1's con51'der-a general step, an entry (X,Y,H,w
X,Y

ed. The ascent 1'terat1'on 1's appll'ed startl'ng at the p01'nt H 1'n an

attempt to 1'ncrease wx Y(II). If the attempt 1's successful, a new en-
,

try (X,Y,H',w (H')) such that w (H) by an 1'nte—X,Y X01(H') exceeds wx’Y

gral amount 1's obtal'ned, and the old entry 1's deleted. Otherw1'se 1't

1's deteml'ned 1'f a d1'rect1'on of ascent ex1'sts. If so, the process

"branches", 1'.e., the old entry 1's replaced by a collectl'on of new

entrl‘es each deteml'ned by spec1'fy1'ng sets X1., Y.1
Y1. 3 Y and T(X,Y) —— u T(Xl., Y1.).

such .that X1. 3 X,
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If no d1'rect1'on of ascent ex1'sts, then a search 1's conducted to de-

teml’ne 1'f T(X,Y) 1'nc1udes a tour. If so, the process terml'nates,

otheml'se, branchl'ng 1's performed.

To date the method has been tested on standard 20, 25, 42, and

48-c1'ty problems appearl’ng 1'n the ll'terature. The results have been

outstandl'ng. The 20 and 25-c1'ty problems were solved u31'ng the ascent

method alone, w1'thout any branchl'ng requl'red. WL'th branchl'ng, the 42

and 48-c1'ty problems were ea51'ly solved. In each case the solutl'on

obtal'ned was proved to be optl'mum. Computatl’onal experl’ments on lar-

ger problems are now bel'ng perfomed.

ELI HELLEW and DEWIS MICK, CEIR Profe351'ona1 Sew1’ces D1'v1’51'on

of CDC, Washl'ngton.

blathematl'cal programl'ng computer systems u51'ng the product fom of

the 1'nverse (PFI) must perl'odl'cally resort to a rel'nver51'on w1'th the

current bas1's 1'n order to reduce the amount of work to be done 1'n

the succeedl'ng 1'terat1'ons.

In thl's paper, we show the consequences of colm, p1'vot selectl'on

and sequence upon the transformatl'on vector (eta) den51'ty and gl've
. 3 . . . . . .an algorltm (P‘ ) whlch w1ll tend to mlnlmlze eta den51ty and work

done per 1'terat1'on.

The algorl'thm has been 1'mplemented and tested as a replacement for

the prev1'ous 1'nver51'on algorl'thm on the OPTIM system for the CDC

6000 computers. In performance 1': shows 1'tself to be from Sl'x to ten

tl'mes faster than the prev1'ous algorl’thm w1'th a proportl'onal reduc-

t1’on 1'n work.
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L. ELLINCU and M.. RIJCWRT, Katholl'eke Unl'ver51'te1't Leuven Neder-

lands, Leuven.

_of #Dl'ffl'cult.

Geometrl'c Programl'ng 1's a very sul'table method to solve hl'ghly non-

ll'near progrml’ng problems. Instead of solv1'ng the orl'gl'nal problem,

GP solves an aux1'11'ary problem, whl'ch yl'elds the same opt1'mal solu-

t1'on. Thl's solutl'on can be found eas1'ly, when the degree of d1'ff1'-

culty of the problem 1's zero. Thl's means that T -— N + 1, where T 1's

the total nmber of terms 1'n the obJ'ectl've functl'on and 1'n the con-

stral'nts, as fomulated 1'n the orl'gl'nal problem and where N 1's the

umber of var1°ables 1'n the same problem.

However, when the degree of d1'ff1'culty 1's not zero, as 1'n most prac-

t1'cal cases, the solutl'on 1's not unl'quely determl'ned by the ll'near

orthogonall'ty and normall'ty condl'tl'ons. Passy and Wl'lde (1), recent-

ly developed non—ll'near cond1't1'ons, called equ1'11'br1'um condl'tl'ons,

whl'ch when added to the regular 11'near cond1't1'ons, determl'ne the

solutl'on to the aux1'11'ary problem un1'que1y. Although the problem

was theoretl'cally solved, 1'n practl'ce however, the solutl'on 1's hard

to be found, because of lack of convergence 1'n the solutl'on scheme.

Th1's paper presents an algorl'thm that converges to the optl'mal p01'nt

startl'ng from an arbl'trary 1'n1't1'al p01'nt. The algorl'thm con51'sts of

2 m3‘or parts. The f1'rst one 1's an 1'terat1've solutl'on scheme for the

set of 11'near orthogonall'ty and nomall'ty cond1't1'ons and the non-

ll'near equ1'11'br1'um condl'tl'ons. The second part deals w1'th the con-

vergence problem, m1’nly ar1'31'ng from aux1'11'ary varl'ables becoml'ng

negatl’ve durl'ng the solutl'on procedure. To obtal'n convergence, a re-

laxatl'on of the orl'gl'nal equatl'ons 1's used together w1'th a phase I

procedure of l1'near progrml'ng.

Although the startl'ng p01'nt of the algorl'thm may be chosen.arb1'trary,

1't 1's ev1'dent that a rat1'ona1 ch01'ce of the startl'ng p01'nt w1'll de—

crease the computer tl'me for the algorl'thm. Therefore the ch01'ce of
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a startl'ng pox'nt w1'll be d1'scussed too.

Fl'nally the method w1'll be demonstrated on a hl'ghly non-l1'near exam—

ple, 1'nvolv1'ng the optl'mal de51'gn of an oxygen product1'on plant.

(1) U. Passy and D.J. Wl'lde, Mass Actl'on and Polynoml'cal Optl'ml'za-

t1'on. Journal of Engl’neerl'ng Mathematl'cs, VOL. 3, No. 4, October 1969,

Wolters-Noordhoff, Gronm'ngen, The Netherlands.v

T.C. HU, Unl'ver51'ty of W1'scon81'n, Madl'son.

Dl'screte Dec1'81'on Tree.
 

Many problems 1'n operatl'ons research reduce to the follow1'ng mo-

del. A set 9 con51'st1'ng of n obJ'ects 1's gl'ven. One obJ'ect from 9 1'5

chosen. Tb.e 1'th obJ'ect has a know probabl'll'ty p1. of bel'ng chosen. A

set of tests TJ.(J' —- 1,...,m) are used to 1'dent1'fy the obJ'ect. A test

TJ. can dec1'de 1‘f the obJ'ect belongs to one subset of Q or to l'ts com-

plement. The probleml's to fl'nd an optl'mum sequence of tests whl'ch

ml'nl'ml'ze the expected cost.

Wen the cost cJ. of performl'ng TJ. are the 36me, and m -— 2n_l—l

the problem becomes that of constructl'ng an optl'mum varl'able-‘l‘ength

b1'nary code. ml's was solved by Huffman [1]. Wen C]. are the same,

and m —- n-l, the problem becomes that of constructl'ng an optl'mum va-

rl'able-length alphabetl'cal code and was solved by G1'lbert and Moore

[2]. The present paper gl'ves a better algorl'tm than [2] and cons1'ders

some extens1'ons.

[I] D.A. Huffmn.‘ "A Method for the Constructl'ng of Ml'nl'mum-Redundan-

cy Codes", Proc. I.R.E.,40, Sept. 1952, p. 1098-1101.

[2] E.N. G1'lbert and E.F. Moore, "Var1'able-length B1'nary Encodx'ngs",

The Bell System Technl'cal Journal, _38, July 1959, pp. 933-968.
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WILLIM S. JEWLL, Unl'ver51'ty of Call'fornl'a and TECHNEHON Inc.,

Berkeley.

Bwranch-and-Boundl'n the Sl'mplex.

In many respects, the ordl'nary ll'near program resembles a d1's-

crete optl'ml'zatl'on problem more than a contl'nuous one. For example,

the Sl'mplex method may be con31'dered as a d1'screte dec1'51'on problem

1'n whl'ch a know nmber of act1'VL'tJ.'es are to be selected as ba51'c,

the remal'nl'ng act1’v1‘t1'es then bel'ng non—ba51'c. Once th1's arbl'tratl'on

1's accompll'shed, the actual levels of the act1'v1't1'es 1'n an optl'mal

solutl'on are unl'quely deteml'ned.

Thl's paper explores the use of 1'mp11'c1't enumeratl'on technl'ques,

such as branch—and-bound (progre331've separatl'on and evaluatl'on),

backtrackl'ng, etc. to solve ordl'nary ll'near programs. The resultl'ng

solutl'on procedures are not computatl'onally compet1’t1’ve w1'th modem

computer-orl'ented algorl'thms, such as the rev1'sed Sl'mplex. However,

thl's approach prov1'des 1'nterest1'ng pedagogl'cal 1'n31'ghts 1'nto the com—

plementary nature of the prl'mal and dual dec1'81'ons, and demonstrates

how "extra" 1'nform.at1'on froml the real problem can be advantageously

used to 1'nfluence and organl'ze a loose and unstructured solutl'on

frmework.

Mong the freedoms open to the optl'ml'zer are adaptl've chox'ces

of.“ whl'ch act1'v1't1'es to arbl'trate fl'rst,' the order 1'n whl'ch to prl'ce

out resources,‘ the amount of work to be expended L'n makl'ng the par—

t1'al solut1'0r1 bounds (evaluators) t1'ghter,' and, the ch01'ce of when

to accept an approx1'mate solutl'on. One can even "surrender" at any

por’nt, and sw1'tch to any ordl'nary Sl'mplex method.

Thl's unusual approach to a well—solved problem also g1'ves 1'n—

Sl'ghts 1'nto the workl'ngs of 1'mp11'c1't enumeratl'on technl'ques, by de-

monstratl'ng the add1't1'ona1 leverage obtal'ned through duall'ty and or-

thogonall'ty. ml's approach 1's also a natural startl'ng p01'nt for d1's—

cuss1'ng the 1'nclu31'on of d1'screte varl'ables 1'nto a ml'xed program.
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After presentl'ng the ba51'c 1'deas of the B&B Sl'mplex approach,

varl'ous computatl'onal detal'ls on the separatl'on and evaluatl'on of

partl'al solutl'ons w1'll be explored. The appl].'cat1'on of thl's framework

to spec1'al problems l'n network theory w1'll be Show, followed by a

d1'scussx'on of relatl'onshl'ps w1'th p1'vot theory and 1'nteger programl‘ng.

K. WUR, General Motors Research Laboratorl'es, Warren, M1'ch., and

R.M. VM SLYE, Network MalySL's Corporatl'on, Glen Cove, N.Y.

 

tl'mal Control Problems.
 

Cheney-Goldstel'n and Kelley l'ndependently proposed a cuttl'ng

plane algorl'tm for convex programl'ng. The problem they conSL'der 1's

Ml'nl'ml'ze {C(u) I g(u) _< 0, u e S}(l)

where u 5 En, c(u) 1's a ll'near functl’on of u. S —— {u I A u <_ b} 1's

assumed to be a bounded polyhedral set, g 1's a contl'nuous vector

valued functl'onal w1'th unl'formly bounded derl'vatl've. For thl's problem

the cuttl'ng plane algorl'thm converges on at least a subsequence to

an optl'ml solutl'on (assuml'ng the problem 1's feasx'ble). The proof

depends strongly on the compactness of S and the unl'form bound on the

derl'vatl've.

The algorl'tm and the convergence proof can be generall'zed d1'—

rectly to apply to the case where u belongs to Banach space U, and

g(u) has a Frechet dl'fferentl'al whl'ch 1's unl'fomly bounded on a com-

pact subset S of U. However, 1'n most appll'catl'ons of 1'nterest 1't 1's

unreall'stl'c to assume that S 1's strongly compact,'usually weak comp-

actness 1's the best one can hope for. Thus, we con51'der (I) 1'n the

Sl'tuatl'on where c(u) 1's a lower sem1'-cont1'nuous convex functl‘onal,

g(“) a lower sem1'-cont1'nuous convex functl'onal, and S 1's a convex,

weakly sequentl'ally compact subset.
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Sl'nce 1'n many appll'catl'ons a Frechet derl'vatl've 1's not aval'la-

ble we use the more general sub-dl'fferentx'al. 8g(u0), the subgrad1‘ent

of g at u0 1's gl'ven by

3g(u0) —— {g* 6 U* I g(u) _> g(uo) + < g*, u - u0 > for all u e U}.

The cuttl'ng plane algorl'thm for thl's problem 1‘s then

Step 0. Solve.‘ Ml'nl'ml'ze {C(u) I u e S},

call the solutl'on u0,' let k ~— 0. Go to Step 1.

Step l.' If g(uk) _< 0, uk 1's a solutl'on of (1). If not add the 1'ne-

quall'ty

< g*k, u > _< < g*k, uk > - g(uk) to (3) and go to(2)

k e 3g(uk).Step 2, where g*

Step 2'.

Solve

a u> <—< g*J, u] > _ 8(uJ)9
. . +

J' -— 0,...,k} obtal'nl'ng as an optlmal solutlon uk 1, set k —— k+1 and

J'(3) Ml'nl'ml'ze {C(u) I e e S, < g*

go to Step 1.

Note that the eff1'c1'ency of the above algorl'thm depends on our

ab1'11'ty to solve (3) Sl'gnl'fl'cantly more ea31'ly than we can solve (1).

Theorem 1'. Suppose 1'n addl'tl'on to the prev1’ous hypotheses for (I)

that

*kco
{g }k__l

1's relatl'vely compact 1'n the strong topology. Then the sequence

{uk} of pox'nts generated by the algorl'thm contal'ns a weakly conver,-

gent subsequence and for any weakly convergent subsequence {ukt'}

convergl'ng to u, say, u solves (1).

A convex functl'on c(u) defl'ned on a convex subset K of a Ba-

nach space U 1's unl'formly convex 1'f there ex1'sts a monotone funct1'on

5(1) on 1u(0,w) wl'th 61(1) > o for r > 0 Such that for all ul e K,



u2 e K w1’th u1 f u2 there ex1'sts A 6 (0,1) such that

2|! ).(l-A) c(u2) + A c(u2) >_c((l-A)ul + A u2) + 6(Ilul - u

Theorem 2.° If 1'n add1't1'on to the hypotheses of Theorem 1, c(u) 1's u-
. k 0 .

nlfomly convex then u converges strongly to u wh1ch corresponds

to the unl'que optl'mal solutl'on of (1).

Mother consequence of un1'fom contl'nu1'ty 1's that we do not need

to keep all the added constral'nts 1'n the algorl'thm. Thl's 1's 1'mportant

for computatl'onal effl'cx'ency. Th1's last result 1's a stral'ght forward

generall'zatl'on of the correspondl'ng result 1'n fl'nl'te dl'men31'onal spa-

ces due to Topkl's.

The cuttl'ng plane algorl'thm we have dl'scussed 1's appll'ed to a

11'near optl'mal control problem w1'th state space constral'nts, Where

the problems solved 1'n Step 0 and Step 2 of the algorl'thm become op-

tl'ml control problems w1'thout state space constral'nts. Thus we have

a method of solv1'ng state space constral'ned problems by solv1'ng a se-

quence of problems w1'thout state space constral'nts.

S. WW, Unl'ver31'ty of Call'fornl'a, Irv1'ne.

The bComlementary Problem.-‘
 

The general complementary problem 1's a problem of the follow1'ng

fom'. Gl'ven a mp F from En 1'nto 1'tse1f fl'nd a vector x such that

x >_ O, F(x) >_ 0, xTF(x) —— O. A very 1'mportant spec1'al case 1's the

11'near complementary problem where F(x) —— m + b. The 1'mportance of

these problems 11'es L'n the fact that they ar1'se 1'n a varl'ety of fl'elds

such as mathematl'cal program1'ng, game theory, mechanl'cs, and geome-

try.

Thl's paper deals mal'nly w1'th the questl'on of the ex1'stence of

solutl'ons to both the 11'near and nonll'near complementary problem.
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For the nonlr'near case both nondl'fferentl'able and dl'fferentl'able F

are con31'dered. Several ex1'stence theorems are establl'shed whl'ch ge-

nerall'ze prev1'ous results. In partl'cular 1't 1's Show that the general

complementary problem has a solutl'on 1'f the map G(x) *— F(x) - F(0)

1's contl'nuous, p051't1'vely homogeneous of some degree, and 1'ts Jaco-

bl’an 1's a Pmatrl'x 1'.e., all 1'ts prl'nc1'pal ml'nors are pos1't1've. For

the ll'near case a new class of matrl'ces called proper matrl'ces 1's 1'n-

troduced. It 1's Show that 1'f M 1's proper then the ll'near complemen-

tary problem has a solutl'on for any b. The class of proper matrl'ces

1'ncludes as proper sub-classes all other classes for whl'ch 1't 1's

know that the 11'near complementary problem has a solutl'on for any b.

In partl'cular l't 1'nc1udes the class of P—matrl'ces, the class of

strl'ctly co-p051't1've matrl'ces, and the class of seml'monotone matrl'ces.

Thx's class has the added two features.°

(I) 1't can be characterl'zed by 1'ts ml'nors, and

(2) 1't my possess negatl've elements on 1'ts dl'agonal, a property

whl'ch 1's lacked by all prev1'ously con51'dered classes. Several

exmples of proper mtrl'ces are prov1'ded.

MSLO BEM KOVACS, Hungarl'an Academy of Sc1'ences, Budapest.

Lnam1'c LProraml'ng.

The problem 1's the follow1’ng-.

. Tmln c _x

M >_ b

x.
J

O,l,2,... (3' -— l,...,n)

where A 1's an mxn matrl'x and c > O,b are vectors of correspondl'ng

Sl'ze.
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ml's probleml's solved by an algorl'thm of dynml'c program1’ng type.

In order to decrease the memory* requl'rement the pr1'nc1'ple of branch

and bound 1's also used.

For the case m-—l the requl'rement _c>. _01's not necessary. In thl's

case the solutl'on of the problem 1's gl'ven for any _b > Q. The solutl'on

of the general problem for any _b> _0 only 1'f there ex1'st a varl'able

xr and pOSL'tl've numbers kJ. (J' -— l,...,n) such that

k.c <_ c, k,a. >_ a.. '—- ... - '—- ... .J r J: J 11. 1] (1- 19 9m) J I, ,n)

In order to av01'd dupll'catl'on of solutl'ons a spec1'al groupl'ng

of solutl'ons 1's 1'ntroduced, whl'ch at the same t1'me makes the use of

branch and bound prl'nc1'ple p0551'ble.

C.B. WEK, Control Data Sweden fl, Stockholm.

 

Problem.

me problem treated here 1's that of fl'ndl'ng the m1'n1'mum total cost

solutl'on to a ml'nl'mum cost network flow problem where some or all of

the arcs my also have fl'xed charges assoc1'ated w1'th them.

We algorl'thm proposed 1's a comb1'nat1'on of two 1'mp11'c1't enumeratl'on

algorl'tMS. The f1'rst, the "foreward" algorl'tm opens arcs one at a

t1'me and generates lower bounds for the total fl'xed cost of the op-

t1'mum solutl'on. The second algorl'thm, the "backward" algorx'tm closes

arcs one at a tl'me to generate lower bounds for the total varl'able

cost of the optl'mum solutl'on. The lower bounds on the varl'able cost

developed by the "backward" algorl thm are used by the "foreward" a1-

gorl‘tm 1'n branch trl'ml'ng 1'n the enumerat1'on scheme and the lower

bounds on the fl'xed charge developed 1'n the "foreward" algorl'thm are

used 1'n the "backward" algorl'thm for branch trl'ml'ng.
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flese and other branch trl'ml'ng rules are explored l'n detal'l and a

descrl'ptl'on of an ex1'st1'ng large scale computer code based on the al-

gorl'thm 1's gl'ven, along w1'th computatl'onal results.

The algorl'tm has the advantage that no non 1'nteger solutl'ons are

obtal'ned, that each potentl'al fea51'ble solut1'on 1's examl'ned at most

once, and that a lower bound on the total cost L's aval'lable at all

t1'mes for use 1'n selectl'ng near optl'mal solutl'ons.

J. WUP, fie Technl'cal Unl'verSL'ty of Demark, ngby.

he Relatl'onshl'p between Outerplanar Graphs and a Class of D1'screte

Optl'ml'zatl'on Problems.

Thl's paper 1's a result of a dl'scus31'on w1'th professor Frank Harary,

Unl‘verSL'ty of Ml'chl'gan, Mn Arbor. We met 1'n November 1969 and

Hararay drew my attentl'on to the concept of outerplanar graphs but

knew of no "real ll'fe" appll'catl'ons. I ml'ssed at that tl'me a way to

characterl'ze a certal'n class of graphs related to coordl'natl'on of

traffl'c s1'gnals. It turned out that my questl'on answered hl's and V1'ce

versa.

Gl'ven a connected graph G —- (N,A) con51'st1'ng of a f1'n1'te set N of

vertl'ces together w1'th a set A of unordered pal'rs of d1'st1'nct ele—

ments of N. Each pal'r (1',J') e A constl'tutes an edge 1'n G. Let n —— INI

and a -— |A| denote the cardl'nall'ty (the number of d1'st1'nct elements)

of N and A respectl'vely.

. v. . . . .
A set of varlables, xl.,1 E N, 15 assoc1ated w1th the vertlces of G

and fl.J.(xl.,xJ.),V(1',J') e A 1's a gl'ven set of real-valued functx’ons

assoc1'ated w1'th the edges of G and bounded below.

Problem.' Choose x - (xl,x ... x so as to ml'nl'ml'ze X f.. x. x., .n> A lJ<1, J)2
. V. . . . . . .

subject t01 6 N.‘ x. 6 Q where Q ls a f1n1te set w1th cardinalltyl
q=|Q  
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To fomulate and solve thl's 1's tems of dynaml’c programl'ng 1's

stral'ghtforward. The umber of computatl'ons, however, ranges from
n 1'f G 1's complete. It w1'll be demonstra-

. . 2ted,that the nmber of computatlons can be wrltten as clq + czq

(n-l)q2 1‘f G 1's 3 tree to q

where cl <_ n-1 and c2 <_ n-2 l'f and only 1'f G 1's homeomorphl'c w1'th an

outerplanar graph.

In the traffl'c Sl'gnal coordl'natl'on problem, Q 1's a set of consecutl’ve

1‘ntegers and f1.J.(x1.,xJ.) depends solely on (xl.-XJ.). Thus, 1'f G 1's ho-

meomorphl'c w1'th an outerplanar graph, the umber of computatl'ons

amounts to clq + c2q2.

P.D. mom, W. FELTS and G. MMLE, Vanderbl'lt Unl'ver31'ty, NashVL'lle,

Tenn .

Related Schedull'ng Problems.

The travell'ng salesman problem 1's a well know schedull'ng pro-

blem. In thl's paper we w1'll descrl'be a heurl'stl'c procedure for solv-

1'ng large scale travell'ng salesmn problems. Thl's heurl'stl'c dl'ffers

fom other heurl'stl'cs 1'n that (1) 1't exp101'ts the relatl'onshl'p of the

travell'ng salesman problem and the related a351'gnment problem, and

(2) 1'ts perfomnce does not decrease rapl'dly w1'th an 1'ncrease 1'n

problem Sl'ze. Thl's heurl'stl'c has been found to solve 100-200 c1'ty

problems 1'n a fractl'on of the t1'me of currently reported procedures.

%en th1's heurl'stl'c 1's further combl'ned 1'nto a real tl‘me computer

system, the result 1's a hl'ghly re11'able and economl'cal method of

solv1'ng very large problems. The paper w1'll descrl'be exten51'ons of

the above approach to solv1'ng several maJ'or related problems 1'nclud-

l'ng the c01'n collector, (the salesman must return home after every

so mny stops), the bottleneck problem, and the travell'ng salesman

1'n tl'me.



 

75

The travell'ng salesmn 1'n tl'me 1's a new generall'zatl'on of the

orl'gl'nal problem. The salesman's reward 1's based not only on the cost

of travel but also on how many cll'ents are aval'lable to see hl'm on

the day of hl's arrl'val 1'n tom. Thl's means that the c1'rcu1't he makes

w1'll be closed 1'n space but not 1'n tl'me. m exact algorl'tm for solv-

1'ng th1's problm w1'll be gl'ven.

M-Mr ?
T.0.M. HONSJO, Unl'verSL'ty of B1'm1'ngham, Bl'rml'nghm. %9 WW

Theory of DecompOSL'tl'on of a Large Nonll'near Convex Separable Pro-

grme l'n the Dual D1'rect1'on.

A decomp051't1'on method 1's developed for the solutl'on of the pro—

blem'.

Ml'n {fl(x1) + f2(x2) I gl(xl) + g2(x2) <— 0, x1 6 Cl}
X1,X2

where super— and sub-scrl'pt denote row and colm vector (scalar),

respectl'vely, and f1(xl.) and g1(x1.), (-1' -— 1,2 ), denote convex scalar

and vector functl'ons, respectl'vely.

The method descrl'bes the total cost of the problem as a functl'on

of the x] varl'ables, for any x] value assuml'ng the correspondl'ng op-

tl'ml x2 values, 1".e. by the funct1'0n°.

fl(x1)+ Min {f2(x2) I gl(x]) + g2(x2) <— o} l x1 6 c]}
x2

and then f1'nds the value xl whl'ch m1'n1'm1'zes the above functl'on. In-

stead of u31'ng the exact functl'on an approx1'mt1'ng functl'on 1's der1'ved

based upon the solut1'on(s) of the subproblem of m1'n1'm1'zx'ng the func-

t1'on of x .
2

Upper and lower bounds upon the optl'mal value of the obJ'ectl've

functl'on, and a proof of con.vergence are derl'ved.
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The method my be seen as a nonll'near generall'zatl'on of a decom-

p051't1'on method o‘y J.F. Benders. It may be 1'nterpreted as a dl'alogue

between two organl'satl'ons. The fl'rst one ml'nl'ml'zes an approx1’mat1’on

of the total costs and 1'nforms the second one about the resultl'ng

requl'rements. The second one m1'n1'm1'zes the cost of meetl'ng these re-

qul'rements and 1'nforms the fl'rst one about the actual cost and the

mrgl’nal costs of eac11 requl'rement. The f1'rst one uses th1's 1'nfor-

mat1'on to fom an 1'mproved approx1'mat1'on of the total cost functl'on.

H. memm and R.C.W. STRIJBOS, Delft Unl'vers1'ty of Technology,

Delft.

Extreml'zatl'on of Functl'ons w1'th Equall'ty Constral’nts.

The problem con31'dered 1's that of m1'n1'm1'21'ng the functl'on a(_x) sub-

J'ect to the cons‘tral'nt g_(x_) -— O_where _x- col(x ... x and
’ ’ n)l

_g'— col(gl,...,gm) w1'th m < n. By 1'ntroduc1'ng the vector of Lagrange

multl'pll'ers _A-— col(Al,...,Am) the necessary condl'tl'ons for a sta-

t1'onary p01'nt of the constral'ned ml'nl'ml'zatl'on problem may be express-

ed as

h_(x_,_A) -— gradta<x_)1 + _gJT(_x>_x —— _o
(1)

3(5) = 0.-

Here J%(_x) 1's the Jacobl’an of the vector functl'on g. In thl's manner

the solutl'on of the ml'nl'ml'zatl'on problem 1's converted to the solutl’on

of a set of (n+m) non-ll'near equatl'ons 1'n the (n+m) unknoms _xand _A.

In order to evaluate these equatl'ons the matrl'x Jfl(x_) and the vector

grad[a(_x)] are assumed to be expll'cl'ty aval'lable for all x_.

To fl'nd the solutl'on of the set of equatl'ons (l) by Newton's

method the 1'nverse of the Jacobl'an of these equatl'ons 1's requl'red.
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Thl's Jacobl'an 1's gl'ven

where G(x,A) 1's the Jacobl'an of hx’x,x) w1'th respect to x. By usx'ng

the fomula for the l'nverse of a partl'tl'oned matrl'x 1't 1's pOSSL'ble

to evaluate _J-l(_x,_x) prov1'ded the (nxn) matrl'x _G_l(_x,_x) 1's know.

To av01'd the repeated computatl'on of _G—1 an 1'n1't1'al guess _G_l 1's

made, whl'ch 1's updated durl'ng the course of the computatl'ons u51'ng

compact and effl'cl'ent fomulas. The resultl'ng method has the proper-

ty that 1'f the functl'on a(x_) 1's quadratl'c and the constra1'nt func-

tl'ons £(x_) are ll’near 1'n x_,the exact solutl’on of (1) 1'5 obtal'ned at

the end of n 1'terat1'ons.

Further con31'derat1'ons should p01’nt out whether the statl'onary

p01'nt found 1's an extremum or not.

The proposed method has been tested on several examples and

compared w1'th a sequentl’al unconstral’ned ml'nl'ml'zatl'on technl’que pro-

posed by Powell.

me paper also presents compact fomulas for the solutl'on of

Sl'multaneous nonll'near equatl’ons by the qua31'-Newton method.

P.0. LINDBERG, The Royal Instr’tute of Technology, Stockholm.

fie usual operatl'ons research transportatl'on problem 1's an approx1'-

matl'on of the real world transportatl’on problem. One s1'mp11'fy1'ng

assmptl'on 1's that demand and productl'on 1's knom 1'n advance.

%en random fluctuatl’ons are present you run the r1'sk of gettl'ng

short of goods or not gettl'ng everythl'ng sold. To put a value to



 

llk‘L‘ Uh‘t‘d s'oods you llleL> to solve the plannl'ng problem for several

\lt‘l‘i.0db‘. 1'11 tlll's waxy you run 1'nto a multl'stage stochast1'c dec1'51'on

problem. Tlll's lattitr problem can 1'n pr1'nc1'ple be solved by dynaml'c

proerumll'xlg L'=Lc11111'ques, but‘ as usual you get a foml'dable state space

wlxl't‘ll prolml'bl'tes re practl'cal solutl'on.

I propOs‘e ta metllod wkxl'ch ll'es between the determl'nl'stl'c and the mul-

tl's‘tage oxme.‘

For a gl'ven plannl‘ng perl'od you dec1'de for a fl'xed transportatl’on

progrm. You evaluate tlle dl'fferent programs by averagl'ng over all

possx’ble outcomes durx’ng tlle plannl'ng perl'od. The programs are made

fe351'ble for all outcomes by allow1'ng backorderl’ng. Negatl've 1'nven-

tory 1's punl'slled w1'th a' shortage cost. The problem of f1'nd1'ng a pro-

grm wl'tll optl'mal average perfomance 1's Show to be a network flow

problem w1'th convex cost 1'n some arcs. Thl's problem can be attacked

by d1'fferent algor1‘thm.€.

Wen .vou have your optl'mal program you use the fl'rst perl'od part of

1't as your actl'on and then resolve the problem next perl'od.

Thl's problem was studl'ed w1'th transportatl'on of empty contal’ners and

ral'lway cars 1'n ml'nd. For these, orderl'ng cost 1's negll'gable and

shortage cost 1's mucll hl'gher than transportat1’on cost. By the t1'me

of the smpOSL'um computatl'onal results for problems w1'th these cha-

racterl'stx'cs w1'll be aval'lable. For problems w1'th very few places

of productl’on / consumptl'on a comparl'son w1'th the dynaml'c program-

ml'ng solutl’on w1'll have been made.

F.A. LOOTSM, Ph1'11'ps Research Laboratorl'es, El'ndhoven.

#Boundar #Proertl‘es _of #Penalt Functl’ons for Constral'tled Ml'nl'ml'zatl'on.

Penalty-functl'on technl'ques are desx‘gned to take 1'nto account

the constral'nts of a m1’n1'm1'zat1'on problem or, sx'nce almost none of
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the problems ar1'51'ng 1'n practl'ce have 1'nter1'or ml'nl'ma, to approach

the boundary of the constral'nt set 1'n a spec1'f1'cally controlled mm-

ner. The presentatl'on starts therefore by a cla351'f1'cat1'on of penal-

ty functl'ons accordl'ng to thel'r behav1'our 1'n the nel'ghbourhood of

that boundary.

Approprl'ate convex1'ty and dl'fferentl'abl'll'ty condl'tl'ons are I'm-

posed on the problem under con51'derat1'on. Furthemore, certa1'n

unl'queness condl'tl'ons 1'nvolv1'ng the Jacobl'an matrl'x of the Kuhn-

—Tucker relatl'ons are satl'sfl'ed by assumptl'on. Thl's 1'mp11'es that the

problem has a un1'que ml'nl'mum x w1'th a unl'que vector u of assoc1'ated

Lagrangl'an multl'pll'ers.

Under these condl’tl’ons the m1'n1'm1'21'ng traj'ectory generated by a

ml'xed penalty-functl'on technl'que can be expanded 1'n a Taylor serl’es

about (x—,u—). Thl's provx'des, as an 1'mportant numerl'cal appll’catl'on,

a ba31's for extrapolatl'on towards (x_,u_). The serl'es expan31'on 1's al-

ways one 1'n tems of the controll1'ng parameter, 1'ndependently of the

behav1'our of the ml’xed penalty functl'on at the boundary of the con-

stral'nt set.

Next, there 1's the 1'ntr1'gu1'ng questl'on of whether some penalty

functl'ons are easx'er or harder to m1'n1'm1'ze than other ones. Accor-

d1'ng1y, the condl’tl’on nmber of the pr1'nc1'pa1 He551'an matrl'x of a

penalty functl'on 1's studl'ed. It comes out that the condl'tl'on number

varl'es w1'th the 1'nverse of the controllx‘ng parameter, 1'ndependently

of the behav1'our of the ml'xed penalty functl’on at the boundary of the

constral'nt set.

me parametrl'c penalty-functl'on technl'ques J'ust named can be

modl'fl'ed 1'nto methods whl'ch do not expll‘c1’tly operate w1'th a controll-

1'ng parmeter. These "parameter-free ver31'ons", whl'ch are based on

mov1'ng truncatl‘ons of the constral'nt set, may be conSL'dered as penal-

ty-functl'on technl'ques adJ'ustl'ng the controlll'ng parameter automa-

t1'ca11y. The cruel'al p01'nt 1's the effl'c1'ency of the adJ'ustment. It

1's establl'shed howthe rate of convergence depends on the vector u—
W

of Lagrangl’an multl'pll'ers assoc1'ated w1'th x—, on the boundary proper-
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t1'es of a penalty functl'on, on a wel'ght factor p attached to the ob-

J'ectl've functl'on, and on a relaxatl'on factor p. The method of centres

1's a remarkable except1'on.‘ 1'ts rate of convergence depends on the

number of actl've constral'nts at x, and on p and p.

WY R. LOVE and MICWL J.L. KIRBY, Dalhou51'e Unl'verSL'ty, Hall'fax,

N.S.

Extreme P01'nt Mathematx‘cal #Prorm1'ng Models.

The paper con51'ders a class of optl'ml'zatl'on problems. The pro-

blems are ll'near progrm1’ng problems (max1'm1'ze _c_x subJ'ect to

M —- _b) w1'th the addl'tl'onal constral'nt that _x must also be an extreme

p01'nt of a second convex polyhedron m_ "— _d, _x>_ _O. A cuttl’ng-plane

algorl’tm for solv1'ng such problems 1's presented. We examples to

demonstrate the appll'cabl'll'ty of the algorl'tm are 1’ncluded.

CHRISTOPH MIER—ROTHE and MTIN F. STW, Jr., Arthur D. Ll'ttle

Inc., Cambrl'dge, Mass.

_A L1'near #Proram1'n LAroach _to #choos1‘n between %Mult1'-Ob'ect1've

Altematl'ves.

A comon d1'ff1'culty 1'n dec1'51'onmk1'ng 1's a ch01'ce between two mult1'-

obJ'ectl've alternatl'ves. Each alternatl've results 1'n a vector of va-

lues. yet ne1'ther alternatl've surpasses the other on all cr1'ter1'a 31'-

multaneously. The dec1'51'onmaker wants to select only one alternatl've.

Thl's paper presents a procedure for collectl'ng Sl'mple preference data

from a dec1'51'onmaker and for u31'ng thl's data to reveal the dec1'51'on-

maker's preference between the two mult1'-obJ'ect1've alternatl'ves.
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The procedure presents a serl'es of hypothetl'cal pa1'rw1'se tradeoff

questl'ons to the dec1'51'omaker. The answers to these questl'ons l'mply

ll'near constrax’nts upon wel'ghts appll'ed to the values of each obJ'ec—

t1've. No ll’near programl'ng fomulatl'ons test whether one alterna-

tl've's wel'ghted obJ'ectl'ves has a larger value then the other's for

all sets of wel'ghts allowed by the 1'nequa11'ty constral’nts. If ne1.'r

ther alternatl've 1's preferred to the other for all feaSL'ble wel'gh-

t1'ngs the procedure generates further questl'ons so that fast conver-

gence to a unl'que ch01'ce 1's achl'eved.

m analvv31's of the dual ll'nea'r program produces these further ques—

t1'ons so that the1'r answers are most ll‘kely to force the ch01'ce of

one of the alternatl'ves. The dual fomulatl'on of the orl'gl'nal ll'near

progrms have a very Sl'mple structure and the pOSSL'bl'll'ty of u31'ng

a spec1‘a1 Sl'mpll'fl'ed solutl'on algorl'thm on the dual 1's d1'scussed.

A nmerl'cal exmple 1's also prov1'ded for 1'llustrat1'on of the pro-

cedure.

MTfl WMY, Hungarl'an Academy of Sol'ences, Budapest.

We problem we are concerned wl'th 1's that of f1'nd1'ng the global

ml'nl'mum of a general quadratl'c functl'on ch + xTQx subJ'ect to the

ll'near 1'nequa11'ty constra1'11ts M >_ b, x >_ 0, or show1'ng that none

ex1'sts.

The only rl'gorous algorl'thm 1's Rl'tter's method [2], whl'ch works

1'n three phases. Each of these phases can return many t1'mes durl'ng

the procedure. In the £1rst phase we are seekx’ng a fea31'b1e por'nt

l'f there 1's any. In the second phase startx'ng from thl's p01 nt we

are lookl'ng for a local ml'nl'mum or an unbounded solut1'on, whl'le 1'n

the thl'rd phase we construct a cuttl'ng plane whl'ch excludes the

prev1'ously located local m1'n1'mum w1‘thout excludl'ng the global m1"n1'—
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mm 1'f 1‘t has not yet been found. After the cutt1'ng plane has been

placed we apply the fl'rst phase to the aumented problem.

R1'tter proved that 1'f the set of fea51'ble solutl'ons 1's bounded,

the algorl‘tm cycles through the three phases only a f1'n1'te umber

of tl'mes.

In thel'r excellent paper 1't 1’s Show by Cottle and Mylander

[I] that there 1's a strong relatl'onshl'p between complementary pl'vot

theory and R1'tter's algorl'thm.

Follow1'ng Cottle's presentatl'on of the algorl'thm and u51'ng

combl'natorl'al methods only we show that a sll'ght refl'nement of the

algorl'thm 1's f1'n1'te 1'n the case of an unbounded fea51'ble set as well.

[I] R.W. COTTLE and W.C. WWDER, R1'tter's Cuttl'ng Plane Method for

Nonconvex Quadratl'c Programl'ng, Stanford TR 69-11.

[2] K. RITTER, A Method for Solv1'ng Max1'mum Problems w1'th a Noncon—

cave Quadratl'c ObJ'ectl've Functl'on, Z.Wahrsohe1’n11'chkel'tstheorl'e

vem.Geb. 4., /l966/, 340-35].

O.L. WGASARIM, Unl'verSL'ty of Wl'sconSL'n, Madl'son, and

L.L. SCHWR, Unl'vers1'ty of Texas, Austl'n.

D1'screte SLll'nes v1’a Mathematl'cal Program1'ng.
 

Mathemtl'cal programl'ng 1's used to l'nvestl‘gate constral'ned

ml'nl'ml'zatl'on problems 1'n real Eucll'dean spaces whl'ch are the d1's-

crete analogs of spll'ne problems posed as m1'n1'm1‘zat1'on problems

1'n a Banach space. Ex1'stence, un1'queness, character1'21'ng proper t1'es

and computatl'onal methods a.re gl'ven.
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B. WTMT, Centre d'Etudes Nucle’al'res de Grenob.le, Grenoble.

_A General #Alorl'tm for _an bArox1‘mte Solutl'on _of _a Gme lb Ju51'n _a

Dual Method.
 

 

a) dual methods for the resolutl'on of an optm‘x‘satl'on problem w1'th

#const'ral'nts see [I] and [2].

We are deall'ng W1'th a generall'satl’on of cutmff and penalty

functl'ons methods. Let us con51'der the problem.’

<1) mxin (£00 I gj<x) s 0, JV. e J) —— £01).

The proposed method 1's 1'terat1've'. for 1'nstance, for eachstep n

we MVe the unconstral'ned problem.‘

(2) min (f(x) + mn(x)),
X

where on 1's a partl'al constral'nt penall'satl’on.

n . . .
Let x be the p01nt where the mln (z) 13 reached. We go from n to

. . . . n
the most unsatlsfled constraxnts"1n x .ll(n+1) by addl'ng one of

If the set l'n whl'ch we want to m1'n1'm1'ze 1's empty then.‘

lim ax“) + (p (xn) = + w,
n+0!) n

n converges to x.otheml'se x

The L'nterestl'ng p01'nts of these methods are the follow1'ng'.

- a great mathematl'cal generall'ty,

- J my be any set (for l'nstance 1'nf1'n1'te, whl'ch 1's 1'mportant for

the next appll'catl'on))

- 1'f f 1's unl'formly convex and g convex 1'n x, we w1'11 be able to
Wsuressthe non-actl've constral‘nts at each 1'terat1'on.

a,a)aweneral meth for the resolutl'on of a strategl'c gme,

see [3]. Let us con51'der a ml'nmax problem

mm’ max J(x,y) -— v -— J(x_,y_).
xeC yeD
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Let'.

E(a) {x e C I J(x,y) >_ aI~Vye D}

F(a)r {y E D I J(x,y) <_a3\-/xe C}

be two sets defl'ned 1'n general by an 1'nf1'n1'ty of constral'nts.

We MVe.'

v —- mm (a I F(a) # fl) —- ml'n (a I E(a) # Q).

We are g01'ng to use a dual method 1'n order to fl’nd 1'f E(a) (or

F(a)) 1's empty,‘ 1'f not we fl'nd an approx1’mate element of tm

sets. Wence an 1'terat1've method whl'chenables us to bul’ld {an}
. n n n .

such as 11m a -— v and {(x ,y )} .' sequence of e-strategles.
n+®

. n n ——Under convenlent hypotheses (x ,y ) converges to (x,y).

We can apply the methods to very general cases such as.“ 1'nf1'n1'te

games, dl'fferentl'al games, n-person games, etc.

[I] P.J. MUMM et B. MRTIMT, Me’thodes duales pour le calcul

du mL'nl'mum d'une fonctl’on convexe sur une 1‘ntersect1’on de

convexes, Colloque d'optl'ml'satl'on, Nl'ce 1969.

[2] B. WTIMT, Me’thodes duales pour la re’solutl'on approcm’e d'un

proble‘me d'optl'ml'satl'on, Seml'nal're d'analyse nme’rl'que,

Faculte’ des S1'ences de Grenoble, de’cembre 1969.

[3] B. MRTIMT, Algorl’tMe de re’solutl'on approche’e d‘un J‘eu,

Colloque d'analyse nume’rl'que de Super-Besse, France, J'L11'n 1970.
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BELA MRTOS, Hungarl'an Academy of Sc1'ences, Budapest.

Subdefl'nl'te Matr1'ces and buadratl'c PMroraml'n.
 

Many algortl'hms are know to solve the ml'nl'ml'zatl'on of a pseudo-

convex obJ'ectl've functl'on subJ'ect to ll'near constral'nts. WL'thl'n the

problem of guadratl'c programl'ng thl's fact dl'rects our attentl'on to

gua51'convex and %seudoconvexuadratl'c functl’ons. The notl'ons 1’ntro-

duced here enable us to characterl'ze and recognl'ze such functl'ons.

A n x n real smetrl'c matrl'x C 1's called p051't1've s‘ubdefl'nl'te, 1'f

for any v 5 En, v'Cv < 0 1'mp11'es that the n-vector Cv 1's e1'ther

seml'p031't1've or seml'negatl've. P031't1've seml'defl'nl'teness l'mpll'es po-

51't1've subdefl'nl'teness but not conversely. C 1's p051't1've subdefl'nl'te

w1'thout be1'ng pos. seml'defl'nl'te 1'f and only l'f all 1'ts entrl'es are

nonp051't1've and the mtrl’x has exactly one negatl've el'genvalue. The

quadratl'c fom Q(x) -— x'Cx 1's qua51'convex 1'n the #nonnea'tl've orthant

1'f and only 1‘f C 1's p051't1've subdefl'nl'te. Q(x) 1'¢u pseudoconvex 1'n

the sem1'p051't1've orthant l'f and only l'f C 1's p051't1've subdefl'nl'te

and el'ther p051't1've seml'defl'nl'te or free of O-rows.

The puadratl'cfunctl'on ¢(x) —~ i x'Cx + p'x 1's qua51'convex 1'n the

nonnegatl've orthant 1'f and only 1'f for any v 6 En, v'Cv<O l'mpll'es

that the (n + l)-vector 1's sem1'posx't1've or seml'negatl've.
p'v

0them1'se.‘ ¢(x) 1's qua51'convex 1‘n the nonnegatl've orthant 1'f and

only 1'f C 1's p031't1've subdefl’nl'te, and e1'ther 1't 1's p031't1've

seml'defl'nl'te or the vector p satl'sfl'es the follow1'ng two cond1't1'ons.‘

a) p <— O, b) there 1's some q 5 En, such that p -— Cq and p'q <_ 0.

If @(x) 1'5 qua51'convex 1'n the nonnegatl've orthant and C 1's free of

O—rows, then fix) 1's pseudoconvex 1'n the seml'p031't1've orthant.

The above results enable us to f1'nd the m1'n1'mum of a qua31'convex

quadratl'c functl'on 1'n a polyhedral subset of the nonnegatl've orthant

by any know method of general pseudoconvex programl'ng (Frank-Wolfe,
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Rosen, Zoutendl'J'k, etc.). None of the spec1'al convex quadratl'c

program1’ng algorl'thms, whl'ch guarantee f1'n1'teness, has been

amenable to a Sl'ml'lar exten51'on as yet.

G. flNSCH, Tulane Unl'vers1'ty, New Orleans.

S#1'nle-stae L1'near #Proram1'n zero-one Solutl'ons to some J'ob-

machl'ne itye Problems.

Schedull'ng problems can be formulated as mathematl'cal programs

w1'th 1'ntegr1'ty requl'rement on some varl'ables. In thl's paper some

propertl'es of ll'nearly solvable ml'xed 1'nteger programs are dl'scussed,

and experl'ments are reported where 1'nteger solutl'ons have been ob-

ta1'ned by 11'near progrm1'ng.

G. MITM, S.I.A., London.

#De51'n1'n Branch-and-Bound #Alorl'thms for Mathematl'cal #Proraml’n.

The theory of Branch-and-Bound technl'que has not to date been

rl'gorously fomll'zed.' thl's 1's because the concept of spll'ttl'ng a

problem 1'nto solvable and mutually exclu51've subproblems has proved

to be successful 1'n varl'ed contexts,‘ the J'ust1'f1'cat1'on of the

theory plays a less 1'mportant role. m 1'mportant property assoc1'ated

w1'th the problems solved by Branch-and-Bound technl’que, however,

should be stressed.‘ that 1's the subproblems proposed and solved by

thl's technl'que always possess global bounds and hence propose $1'm1'-

lar bounds on the orl'gl'nal problem. In travelll'ng salesm'an problem
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thl's bound 1's obtal'ned by canonx'cal reductl’on [I]. In all the

other knom appll'catl'ons of th1's technl'que [2], [3], [4] the sub-

problems are know convex mathematl'cal prong'l'ng problems.

The present paper 1's not J'ust a survey of the work done by other

workers. The advantage of computl'ng penaltl'es to obtal'n varl'ables to

branch on are questl'oned and the experl'ence of u81'ng a prl'orl'ty

scheme for ch0051'ng branchl'ng varl'ables 1's descrl'bed. Computatl'onal

aspects of u31'ng dual and parametrl'c MS for the solutl'on of sub-

problems are outll'ned.

In general branchl'ng strategy 1's a combl'natl'on of two level dec1'51'ons.'

l) whl'ch subproblen1 to solve next7

a”) w'hl'cl.‘ varl'able to branch on w1'th1'n the subproblem.

U81'ng combl'natl'on of the above experl'ments of tree search for fl'xed

charge problems are descrl'bed. A teclmnl’que of constructl'ng feas1'b1e

solutl'on at every node of f1°xed charge problem 1's outll'ned.

Fl'nally, a branch-and-bound method for solv1'ng ml'xed l'nteger quadratl'c

programs 1's descrl'bed. Such a technl'que 1's ea51'ly des1’gned on the

ba51's of the propertl'es of convex mathematl'cal program1'ng problems

and f1'nds use 1'n solv1'ng Medl'a Schedull'ng Problem.

[I] LITTLE, John, D.C., WRTY, MTTA G., et al, m Algorl'thm for the

Travelll’ng Salesman Problem. Opern. Res., (1963)(972-989).

[2] DMIN, R.J., A Tree Search Algorl't'm for Ml'xed Integer Program1'ng

Problems, Computer Journal, _8(I965), 250-255.

[3] BEME, E.M.L., TOMIN, J.A., Spec1'a1 Fac1'11't1'es 1'n a General

Mathematl'cal Programl'ng System for Non-Convex Problems u31'ng

ordered sets of varl'ables. Presented to Internatl'onal Conference

in O.R.,VBNICR,1969.

[4] MITM, G., A D1'chotom1'21'ng Procedure for the F1'xed Charge Problem,

Presented to SIM conference 1'n Opt1'm1'zat1'on, Toronto,1968.
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HEINER WLLER-WBACH, Unl'vers1'ta"t Mal'nz, Mayence.

gAprox1'mat1‘on Methods for 4Inteer P#roram1'n.

me appll'catl'on of exact 1'nteger program1‘ng (IP) methods are re-

strl‘cted (and seem to remal'n restrl’cted) to small problems. There-

fore, there 1's no chance to solve large IP problems by any other

method than by approx1'mat1'on methods.

A survey on the ex1'st1'ng approx1’mat1'on methods shall be gl'ven 1'n

the paper. The emphaSL's w1'll be put on the ba51'c pr1'nc1'p1es of the

algorl'thms, on the numer1'cal ewerl'ences, and on the appll'catl'on

to problems of d1'fferent structures.

Method 1 (Method of "caut1'ous approach" [3]).'

In each 1'terat1'on one small step (at least of the 51'2e 1) 1'5

carrl'ed out towards the dl'rectl'on of the "greatest change".

Method 2 [1]..

A dl'fferent cr1'ter1'on 1's used to fl'nd a path of small steps from

the orl'gl'n to a near-optl'mal solutl‘on. Some spec1'al exploratl'on 1's

carrl'ed out 1'n the nel'ghbourhood of the solutl'on.

Method 3 [2].'

Combl'natl'ons of var1'ab1es are con31'dered 1'n order to l'mprove a

solutl'on.

The nmerl'cal experl'ences are encouragl'ng.

[1] ROBERT E. ECHOLS, LEON COOPER, Solutl'on of Integer L1'near

Programl'ng Problems by D1'rect Search. Journal of the ACM,

vol. 15 (1968) no. 1, pp. 75-84.

[2] HINZ KMUZBERGER, El'n Na'lherungsverfahren zur Bestl'mung ganz-

zahll'ger Lo"sungen be1' 11'nearen Optl'ml'erungsproblemen. Ablauf-

#undPlanunsforschun, vol. 9 (I968) no. 3_, pp. l37-152.
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[3] HEINER MULLER-MERBACH, Das Verfahren der "vorsichtigen An-

na.'herung" - El'ne heurl'stl'sche Methode zur Lo"sung gew1'sser Pro-

bleme der ganzzahll'gen Planungsrechnung. Elektronl'sche Daten-

#verarbel'tun, vol. 11 (1969) no. 12, pp. 564-566.

HEIMR MLER-MRBACH, Unl'ver31'ta"t Mal'nz, Mayence.

#Searable #Proraml'n 4u51'n the LUer #Boundl'n Technl'que

In opt1'm1'zat1'on problems there may occur separable nonll'near

funct1'ons. WLEY [l] and other authors have descrl'bed two methods

(the A-fom and the 6-fom) by whl'ch these functl'ons can be approx1'-

mated by sets of ll'near functl'ons. Each of these ll'near functl'ons

1's vall'd w1'th1'n a certal'n 1'nterval. Thus the problem converts 1'nto

a 11'near optl'ml'zatl'on problem and can be solved by means of a

sll'ghtly modx'fl'ed Sl'mplex method.

A dl'sadvantage of the A-fom and of the 6-form 1's the largely 1'n-

creased umber of varl'ables.

In thl's paper 1't w1'11 be Show that separable progrml’ng does not

requl're addl'tl'onal varl'ables at all, 1'f the upper boundl'ng technl'que

1's used to handle the borders of the 1'ntervals.

The mal'n parts of the algorl’thm are.’

l. Defl'ne the L'nl'tl'al ll'near approx1‘mat1'on of each functl'on (1'nclud1'ng

the border of the current 1'nterva1 as an upper bound).

2. Apply the Sl'mplex method (1'nc1ud1'ng the upper boundl’ng technl'que).

If any border 1's reached, + 3.

3. Redefl'ne the approxr’mtl'ons of the very functl'ons (1'nc1ud1'ng the

border) whose border 1's reached, + 2.
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In addl'tl'on to the sav1'ng of varl'ables there 1's a second advantage

of th1's method.“ The 1'ntervals of approx1'mat1'on of the s1'ngle functl'ons

need not be establl'shed before the computatl'on,‘ they may be defl'ned

durl'ng the computatl'on. Thl's mkes the method more flex1'b1e.

Numerl'cal emerl'ences [2] w1'll be reported.

[I] G. WLEY, Nonll'near and Dmml'c Programr’ng. Readl'ng, Mass.

1964.

[2] H. WLLER—WMACH, Separable Programl’ng ml't Hl'lfe der Upper-

Boundl'ng-Technl'que. Unternehmensforschung, vol. 14 (1970) no. 37

to appear.

J'.I WMY, Natl'onal Phy51'ca1 Laboratory, Teddl'ngton.

m dlgorl‘thm to fl'nd a local ml'nl'mum of an 1'ndef1'n1'te quadratl'c

p¢roram.

We present an algorl'thm to f1'nd a local ml'nl'mm of the program

m'n .' F(x) —' ixTQx + fo

subJ'ect to A—x 2 b.

where Q 1's not restrl'cted to be el'ther sem1'-p031't1've defl'nl'te or

non-Sl'ngular. The algorl'thm 1's based on the ab1'11'ty to recur from

1'terat1'on to 1'terat1'on the followr’ng matr1'ces’.

L .' m m X m lower trl'angular matrl'x such that

T
AT=[L|0]P

where A 1's an n X m matrr’x of the coeffl'c1'ents of the currently
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actl've constral’nts and P 1's the product of m Householder transfor-

mat1'on matrl'ces.

Z .' m n x (n-m) mtrl’x such that

ATZ=O

ZTQZ —— D a dl'agonal matrl'x.

The algorl'thm has the follow1'ng features.

1') It starts from a fea81'ble approx1'mat1'on and all subsequent

approx1'mat1'ons are feas1’ble.

1'1') Prov1'ded F(x) 1's bounded below, the algorl'thm wr'll converge 1'n

a f1'n1'te number of 1'terat1'ons.
h approx1'mat1'on.F . t) _< (xk) where fl ls the k1'1'1') F(xk+ 1

1V) Each 1'terat1'on takes 0(n2 + m2) operatl'ons where n 1's the umber

of varl'ables and m(_< n) the umber of actl've constral'nts.

v) In addl'tl'on to the storage needed to defl'ne the problem we
In2

req_.1I1're 2— + n2 - nm locatl'ons.

K.G. WRTY, The Unl'verSL'ty of Ml'chl'gan, Mn Arbor.

#Travelll'n Salesmn Problem.

All 11'near 1'nequa11't1'es can be transfomed 1'nto ll'near equatl'ons

1'n nonnegatl've varl'ables by 1'ntroduc1'ng the necessary slack var1'ables.

Wl'thout any loss of generall'ty we therefore con51'der a system of m

11'nearly 1'ndependent equall'ty constral'nts 1'n n nonnegatl've varl'ables.

A x —— b (1)

(2)x 2 O.

The J'-th colum vector of the mtrl'x A w1'll be denoted by A.J..

The fundamental problem that we d1'scuss 1's the follow1'ng.‘ suppose
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we are gl'ven a set of r ll'nearly 1'ndependent colum vectors of A,

know as the specz'aZ calm vectors.

The problem 1's to develop an eff1'c1'ent algorl'thm to deteml'ne

whether there exl'sts a feaSL'ble baSL's for (l), (2) whl'ch contal'ns

all the spec1'a1 colum vectors as ba51'c colum vectors and to f1'nd

such a ba31's l'f one ex1'sts.

Such an algorl'thm has several appll'catl'ons 1'n the area of mathe-

matl'cal programl'ng. As m 1'llustrat1'on, we show that the fmous

travelll'ng salesman problem can be solved effl’c1'ently u51'ng th1’s

algorl'tm. Recent publl'shed work 1'nd1'cates that thl's algorl'thm has

appll'catl'ons 1'n 1'nteger ll'near programl'ng.

m algorl'tm for th1's problem w1'll be d1'scussed l'n another paper

to follow.

T.A.J. NICHOLSON and R.D. PULLEN, London Graduate School of Bu31'ness

Studl'es, London.

pm1'n1et-control system for mu1t1'-stae seuenc1'n.

Perhaps the most 1'mportant area of appll‘catl‘on for sequenc1'ng

technl'ques 1's l‘n the preparatl'on of productl’on schedules. me pro-

duct1'on schedull'ng problem 1's to deteml'ne the tl'mes at whl'ch a

umber of J'obs can be processed on a serl'es of machl'nes. Each J'ob

con51'sts of a sequence of operatl’ons whl'ch must take place 1'n tum,

p0331'bly on alternatl've mchl'nes, and the problem 1's to get the J'obs

completed by thel'r due dates and keep dom work l'n progress. If there

are N J'obs and y]. 1's the completl'on tl'me of J'ob 3', t. 1's 1'ts due t1'me
J

and ej 1's the earll'est tl'me at whl'ch l't could be completed, a useful

lateness measure to be m1'n1'm1'zed wh1'ch stresses the reductl'on of

large lateness 1's

N .
F(Y1,y2 "- YN) = Z .



 

93

The yJ. quantl'tl'es cannot themselves be controlled but depend

on the serl'es of start tl'mes of the succe551've operatl'ons and the1'r

duratl'ons, and the start t1'mes are restrl'cted so that the total

machl’ne requl’rements do not exceed the capacx’tl'es aval'lable. The

capac1'ty constral'nt prevents the use of ll'near or non-ll'near pro-

graml'ng. The problem has prev1'ously been tackled by machl'ne prl'or-

1'ty rules whl'ch gl've answers whl'ch are far from optl'mal or by per-

mutatl'on procedures whl'ch manl'pulate the schedule 1'n total but

requl're exces51've computatl'on.

Both these methods take the problem varl'ables as the start

tl'mes of all the operatl'ons of a J'ob. However, as we are prl'marl'ly

concemed w1'th m1'n1'm1'21'ng the tl'me a J'ob spends l'n the system 1't may

be adequate to con31'der only the tl'mes at whl'ch the fl'rst operatl'ons

of the J'obs start. Thereafter the mult1'—stage productl'on system 1's

Sl'mulated u51'ng a standard behav1'or pattern such as f1'rst-come-f1‘rst-

served to deteml‘ne the tl'ml'ng of the other operatl'ons and the com-

pletl’on t1'mes of the J'obs. Thl's 1'n1et control scheme greatly reduces

the Sl'ze of the optl'ml'zatl'on problem and 1's much ea51'er to 1'mplement

1'n practl'ce.

Mathemtl'cally the task 1's to deteml'ne the 1'nlet t1'mes

(xlax ... fi) of N J'obs so as to m1'n1'm1'ze F(y1,y2 ... yN) where2
_x and y are related through the s1'mulat1'on rules. Wen a schedule

1's created an 1'nteract1'on mtrl'x can be calculated to express the

tendency for the J'obs to delay one another and thl's 1'nfomat1'on

can be used to gl've an estl'mate for the rate of change of F w1'th
AF T . .

x. say A—x . hese dlscrete derlvates cm be used to conduct a
J J

controlled d1'rect search 1'n tems of the x. quantl'tl'es to m1'n1'm1'ze

F(yl,y2 ... yN). Th1's d1'rect search over thJe 1'nlet t1'mes means that

the method 1's 1'ndependent of the pecull’arl'tl'es of 1'nd1'v1'dual

appll'catl'on requl'rements whl'ch can be bul'lt 1'nto the Sl'mulator and

1't offers a pract1'cal method of control.
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A. OWEN, Unl'ver51'ty of Chlcago

Let the problem of fl'ndl'ng a solutl'on or show1'ng that there 1's

no solut1'on to a ll'near equatl’on/L’nequall’ty system be wrl'tten

I a1.J.xJ._</=/_> hi, 1 = l m,

x. >_ O for some subset of x1 ... xn,

n
E(1.1)

J'
(1.2)

J

where'. (a) <_/-—/>_ means that for each 1' one of the three relatl'on-

shl'ps _<, ——, or _> appll’es.

(b) Non-negat1’v1'ty of varl’ables 1's set apart from other 1'n-

equall'tl'es. Non—negatl've varl'ables w1'll be called

'unrestr1'cted"."restr1'cted", and the others

(c) Systems of equatl’ons only (no 1'nequa11't1'es) are not ex-

eluded.

A stral'ghtfomard plan of solutl'on 1's.'

(2A) Insert non-negatl've slack varl‘ables 1'nto the 1'nequall't1’es 1'n

(1.1).

(2B) Apply Gauss1'an ell'ml'natl'on by pl'votl'ng on the unrestrl'cted

varl'ables.

(2C) If, after (23), there rem1’ns a reduced system wh1'ch 1'nvolves

restrl'cted varl'ables, apply phase I of the Sl'mplex method.

Conventl'onally, although the gl'ven problem (1.1), (1.2) has

nothl'ng to do w1'th optl'ml'zatl'on, step (2C) calls for l'ntroductl'on

of art1'f1'c1'al varl'ables and an art1'f1'c1'al obJ'ectl've functl'on. m

alternatl‘ve derl'vatl'on of the Sl'mplex conputatl'onal procedure w1'll

be gl'ven whl'ch 1's based only on ll'near algebra arguments-1'nequa11'ty

conSL'deratl'ons are 1'nvolved, but not art1'f1'c1'al opt‘l'ml'z'at’l'on.

A generall'zatl'on of homogeneous ll'near systems, called

"systems w1'th consp1'c1'ous solutl'ons" w1'll be used 1'n place of the
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concept of ba51'c solutl'ons.

n
Def1'n1't1'ons.‘ Let 2 a1.J. xJ. -— b1. , 1' —— 1 ... m,be a ll'near system.

i=1

(3) me 1'th equatl'on 1's l'n reduced t’om 1‘f e1'ther.‘

(a) 1't contax’ns an 1'solated varl'able whose coeff1'c1'ent 1's

+1 1'n that equatl'on and 0 1'n all of the other equatl'ons,

(b) the coeff1'c1'ents a1.I ... al.n 1'n that equatl'on are allor

zero.

(4) A ll'near system of equatl'ons has a goonSL'cuoussolutl'on 1'f each

equatl'on e1‘ther'.

(a) 1'5 1'n reduced fom,

(b) has b1. —— 0.

Homogeneous systems are the c13531'c type of system w1'th a con-

spl'cuous solutl'on. More generally, the conspl'cuous solutl'on of a

system under (4) 1'3 gl'ven by.‘

If the 1'th equatl'on 1's an equatl'on 1'n reduced fom, set XJ. —— b1.
1'

where x. 1'5 the 1'solated varl'able 1'n that equatl'on. For the
31'

rest of the varl'ables set x]. -— 0.

Assume procedures (2A) and (23) have been carrl'ed out. The

problem to be solved under (2C) 1's the standard one of ll'near

equatl'on 1'n non-negatl've var1'ables.‘

W

(5.1) 2 a. x. ~— 8. , 1' —— l ... p (assme all 81. _> 0),

(5.2) x.>_o,j=1...k.

5 be the equatl'on whl'ch 1's obtal’ned by(6) 4 N H

sm1’ng the equatl'ons 1'n (5.1) whl'ch are not 1'n reduced fom. Ad3'01'n

 

th1's (redundant) equatl'on to (5.1). The matrl'x of the augmented

system 1's
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A s1'mple algebral’c derl'vatl'on shows that under a pl'vot trans-

fomatl'on the last row of (7) always remal'ns the sum of the rows

whl'ch correspond to non-reduced equatl'ons. In partl'cular, 5 remal'ns

the sm of the 81. 1'n the non-reduced rows. USI'ng Max {yJ. > 0} to

select a p1'vot colm, and the ratl'o technl'que of the Sl'mplex algo-

r1'thm to deteml’ne a p1'vot row, pl'votl'ng produces a new system w1'th

all 81. 2 O and w1'th a lower value of 6. In a f1'n1'te sumber of

stages el'ther 6 becomes 0,-- 1'n whl'ch case we must have 81. —— 0 1'n

all non-reduced rows, and consequently we have a matrl'x whl'ch

corresponds to a system whl'ch 1's equl'valent to (5.1) and has a

"consp1'cuous solut1'on",' or all yJ. becomes < O and 6 > 0,-- 1'n whl'ch

case we have the matrl'x of a system equl'valent to (5.1) whl'ch con-

tal'ns an 1'nfea31'ble equatl'on, hence the system 1's 1'nfeas1'b1e. The

argument 1's entl'rely 1'n terms of ll'near algebra. Sl'nce there are no

art1'f1'c1'al varl'ables, l't serves no purpose to say that an obJ'ectl've

functl’on 1's 1'nvolved.

Some propertl'es of equatl'on/l'nequall'ty systems such as the Farkas

theorem follow rather dl'rectly from the solutl'on process. Thl's has of

course been done before Vl'a ll'near programl'ng, but agal'n the

extraneous mtter of opt1'm1'zat1'on 1's av01'ded.

T.D. PMSONS, Pennsylvanl'a State Un1'ver31'ty, Unl'verSL'ty Park, and

A.W. TUCHR, Prl'nceton Unl'ver51'ty, Prl'nceton.

Lflbrld #Prorms.'L1'near and Least-Dl'stance.
 

The convex quadratl'c program
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m1'n1'm1'ze m -— nb + $AAT for nA + AC >— c, n >_ 0(l)

1's a hybrl'd of the ll'near program to whl'ch l't reduces when A and C

are vacuous, and the strl'ctly convex quadratl'c progrm to whl'ch 1't

reduces when n,b and A are vacuous. The latter 1's a "least-d1'stance

program" whl'ch seeks the p01nt of the polyhedral set {AIAC _> c} at

least dl'stance from the orl'gl’n. Solutl'ons of (I) are hybrl'ds of

solutl'ons of separate ll'near and least-dl'stance subprograms that

arl'se from prOJ'ectl’ng certal'n faces of the constral'nt set of (l)

1'nto the A-subspace.

Let P - CTC. Then (1) 1'5 dual to the concave quadratl'c program

max1'm1'ze f —— cx - éxTPx for M <_ b, x >_ 0.(2)

The key equatl'on

C T C T T Co - f —- (nA+A-c)x + n(b-M) + £(A -x) (A -x)

y1°elds o _> f for fea51'ble solutl'ons of (I) and (2). These become

optl'mal when m —— f. The hybrl'd nature of (l) sheds ll'ght on the

geometry of thl's dua11°ty.

URY PASSY, Technl'on, Hal'fa.

Generall'zed $We1’hted Mean #Proram1'n.
 

The use of l'nequall'tl'es 1'n mathematl'cal program1'ng 1's not new.

The l'dea of Qua51'-L1'near1'zat1'on was 1'n1't1'ated from Holder's 1'n-

equall'ty. The theory of Geometrl'c Progrml'ng 1’s 1'nt1'mately related

to the Arl'tMetl'c-Geometrl'c Mean 1'nequa11'ty. However, use of 1'n-

equall'tl'es 1'n actually solv1'ng mathemat1'ca1 programs, 1's not w1'de1y

practl'ced. In a recently publl'shed paper on Geometrl'c Programes,

methods for solv1'ng Such problems were descr1'bed. Thl's work shows

that these methods can be Vl'ewed through a generall'zed relatl'on

ex1'st1'ng w1'th1'n a certal'n class of programl'ng problems, temed

Generall'zed Wel'ghted Mean Progrm1’ng.
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me m1'n 1'dea underlyl'ng the class of progrm1'ng problems

presently dl'scussed 1's based on the well-know l'nequall'ty relatl'ng

the d1'fferent "We1'ghted Mems".

Let

(1) y e (IRn)+ and q a (an)+

w1'th

(2)

A generall'zed r—wel'ghted mean denoted by Mr(y,q) 1's gl'ven
~~

n
2 r

Mr(Z9~q) _ qiyi
)l/r .(3)

Notl'ce that 1'f r 1, Ml(y,q) becomes the wel’ghted ar1'thmet1'c mean.
~~

fie relatl'on between d1'fferent wel'ghted means 1's gl'ven by

(4) Mr(y.q) < Ms(y,q) 1'f r < s
~~~~

w1'th equall'ty holdl'ng only when all _y1. are equal.

Defl'n1't1'on._A generall'zed wel'ghted mean progrme (G.W.M.) _1's_a

 

m1'n1'm1'zat1'on problem Jhav1'n the 4follow1’n fom

(5) Mln fo(~x)

subJ'ect to

(6)

and

(7)

where

(8) NR -—[r(1),r<2>,..-,r<1=>1
1's a gl'ven vector.
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(9) Fi<~x> —— til.1<~x>,fi2<~x>,...,£1.1(1.)<~x>1 i l,...,P

E H. I 1,...,P.(10) 51.05) €1’1’61'2""’€1‘I(1')]

The components of El. are gl'ven p051't1've numbers satl'sfyl'ng

1(1')
2 6.. - l

J'—"1
(11) 81.3. > o 3' —— l,...,I(1')

1,...,P.H. I

(12) I(l),I(2),...,I(P) are gl'ven pos1’t1've 1'ntegers.

The functlons fo,f11,...,f11(1.),...,fPI(P),gl,...,% are contlnuous

d1'fferent1'ab1e non-negatl've ones on the domal'n defl'ned by the

constral'nts Eqs. (6) and (7).

Varl'ous re.lat1'ons between such programes are proved, and a1-

gorl'tMS w1'th solved examples are 1'ncluded.

The fl'rst algorl'thm 1's the Exterl'or Algorl'thm, whl'ch resembles

the cuttl'ng planes algor1’thms, but a hypersurface cut replaces the

11'near cut. Thus, the progrme need not be convex. In thl's a1-

gorl'thm the solutl'on 1's approached from out31'de.

The second algorl'thm called the Interl'or Algorl'thm, 1's Sl'ml'lar

to polygonal approx1'mat1'on methods. wen u31'ng th1's algorl'thm, the

solutl'on 1's 1'mproved after each 1'terat1'on.

JOM D. PEARSON and fiBERT C. DE KONINCK, N.V. Ph1'11'ps Gloel'lmpen-

fabrl'eken, El'ndhoven.

Alnterchane galorl'tMS versus Amult1'-ass restrl'cted gotl'ml'zat1'on

brocedures, for_a Alare #schedull'n groblem.

Thl's paper 1's concemed w1'th a large schedule Optl'ml'zatl'on problem

for a group of M d1'fferent two-Sl'ded asmetrl'cal machl'nes whl'ch

can process two J'obs at a t1'me, one on each s1'de, from start to

completl'on.
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The problem 1's to rearrange 2 x m X T J'obs 1'nto M sequances of T

pal'rs of J'obs, one for each mchl’ne, such that the SW of the

sequence-dependent changeover and pal'rl'ng costs 1's ml'nl'ml'zed,

subJ'ect to constral'nts on pal'rl'ng, due dates, labour requl'rements

and productl'on fac1'11't1'es. M 1'n1't1'al partl'ally fea51'ble arrange-

ment 1's prov1'ded by a prl'or capac1'ty allocatl'on phase, and an 1'm-

portant Sl'mpll'fl'catl'on 1's that the orders are all multl'ples of the

expected output from a J'ob of standard duratl'on.

In a practl'cal Sl'tuatl'on 400 J'obs are to be scheduled 1'nto 40

machl'nes, 2 at a tl'me, l'n a sequence of 5 pal'rs per machl'ne. Thl’s 1"s

about an order of magnl'tude beyond any knom opt1'm1’21'ng algorl'thm.

Most practl'cal solutl'ons to problems of thl's kl'nd operate by 1'nter-

changl'ng blocks of J'obs between machl'nes or machl'ne—51'des, to

achl'eve an 1'mprovement. Such an 1'nterchange algorl'thm has been

1'mp1emented and 1't proves to be fast and effectl've.

The questl'on l'nvestl'gated here 1's whether a better solut1'on can be

obta1'ned more qul'ckly, by optl'ml'ZL'ng overlappl'ng portl'ons of the

schedull'ng problem 1'n an 1'terat1've fashl'on.

If one or two machl'nes are optl'ml'zed at a t1'me, the problem 1's one

of quadratl'c a331'gnment, whl'ch has been solved d1'rect1y by a

branch-and—bound algorl'thm, 1'nd1‘rectly by a double route travelll'ng

salesman algorl'thm and heurl'stl'cally by an extended but s1'mp11'f1'ed

form of the l-opt, 2-opt 1'dea of L1'n.

If the J'obs 1'n non-adj‘acent schedule p051't1'ons are con31'dered, the

optl'ml'zatl'on problem 1's one of 1'nteger a551'gnment w1'th Sl'de con-

dl'tl'ons, for whl'ch a branch—and—bound routl'ne has been wrl'tten.

U51'ng these algorl'tMS sul'table for restrl'cted parts of the pro-

blem, a varl'ety of schedull'ng procedures can be dev1'zed, whl'ch

mke several passes to optl'ml'ze the bad features detected 1'n the

schedule at each stage. W0 1'mp1ementat1'ons of thr's phl'losophy

have been tested.

The paper descrl'bes the algorl'thms, the 1'deas behl'nd the fom of

the 1'mplementat1'ons and gl'ves comparr'sons based on random schedules

generated from a practl'cal Sl'tuatl'on.
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EMOR L. PETERSON, Northwestern Un1'ver51'ty, Evanston, Ill.

kSetrl'c Duall'ty _1'n Convex #Prorml'n and 1‘ts Economl'c Inter-

pretatl'on

The f1'rst completely smetrl'c fomulatl'on of duall'ty for a_ll

convex programs w1'th expll'cx't constral'nts 1's gl'ven by genera11'21'ng

and sul'tably modl'fyl'ng the orl'gl'nal fomulatl'on of duall'ty 1'n geo-

metrl'c progrm1’ng. The generall'zatl'on conSL'sts of.‘ (l) replacl'ng

the spec1'al convex functl'ons 1'n the or1'g1'nal prl'mal progrm by

arbl'trary convex functl'ons, and (2) replac1'ng the arbl'trary pal'r of

orthogonal complementary subspaces 1'n the or1'g1'nal prl'mal and dual

programs by an arbl'trary pal'r of closed convex polar cones. The

modl'fl'catl'on con51'sts of addl'ng convex functl'ons of a partl'cular

type to the resultl'ng prl'mal obJ'ectl've functl'on whl'le Sl'multaneously

enlargl'ng the class of pem1'331'ble dual constral’nts. The resultl'ng

prl'ml and dual "geometr1'c program" have the sme fom, and the

"geometr1'c dual“ of the dual geometrl'c program 1's the prl'mal geo-

metrl'c program.

The geometrl'c dual of such a progrm 1's constructed from.-

(I) the conj'ugate transfoms of the convex functl'ons appearings 1'n the

obJ'ectl've functl'on, (2) the conj'ugate transfoms of the convex

functl'ons appearl'ng 1'n the constral'nts, and (3) the polar of the

closed convex cone appearl'ng 1'n the program.

Some rather elementary observatl'ons about conJ'ugate convex

functl'ons and certal'n bases for orthogonal complementary subspaces

show that th1's fomulatl'on can be spec1'a11’zed to gl've e1'ther

Rockafellar's recent fomulatl'on or Fenchel's orl'gl'nal formulatl'on.

Moreover, a dl'fferent spec1'all'zat1'on followed by a suboptl'ml'zatl'on

produces an extenSL'on of Wolfe's fomulatl'on.

In addl'tl'on, cLomlete econom1'c 1'nterpretat1'ons of the varl'ous

formulatl'ons of duall'ty are provx'ded by new duall'ty theorems that

are part of a new closed-fom solutl'on to a spec1'al, but economl'cally

1'nterest1'ng, class of convex programs. In partl'cular, the well-know
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economl'c 1'nterpretat1'on of dual optl’mal solutl'ons as "shadow

prl'ce" vectors 1's complemented by g1'v1'ng comparable econom1'c

1'nterpretat1'ons of the dual non—optl'ml solutl'ons and the dual

obJ'ectl've functl'on. It seems that these results are new even 1'n

ll'near programl'ng.

MFEMNCES

[I] PETERSON, E.L., "m Econml'c Interpretatl'on of Duall'ty l'n

L1'near Programx'ng", to appear l'n Jour. Math. mal. Appls.,

but presently aval'lable as Report# 953 from the Mathematl'cs

Research Center, Unl'verSL'ty of Wl'scon51'n, Madl'son 53706, U.S.A.

[2] , "Smetr1'c Duall'ty for Generall'zed Uncon-

stral'ned Geometrl'c Progrm1’ng", to appear 1'n SIM Jour. Appl.

Math., but presently aval'lable as Report# 99] from the

Mathematl'cs Research Center, Un1'ver51'ty of W1'sconsx'n, Madl'son

53706, U.S.A.

[3] , "Genera11'zat1'on and smetrl'zatl'on of Duall'ty

1'n Geometrl'c Program1'ng", l'n preparatl'on.

JOW PHILIP, Stanford Unl’ver51'ty, Stanford, and The Royal InStl'tute
of Technology, Stockholm

We con51'der a convex set S 1'n Rn descrl'bed as the l'ntersectl'on of

halfspaces a1.Tx <_ bl., (1' e I) and a set of ll'near obJ'ectl've functl'ons

fJ. —- cJ.Tx, (3' 5 J). The l'ndex sets I and J are allowed to be 1'nf1'n1'te

1'n some of the algorl'thms. We gl've varl'ous t‘haracerl'zatl'ons of the

eff1'c1'ent p01'nts of 8 (also called functl'onally effl'cl'ent or Pareto

optl'mal p01'nts). Wl'th the a1'd of the characterl'zatl'ons we gl've algo-

r1'thms that solve the follow1'ng problems.-

I. To decr'de 1'f a gl'ven p01'nt l'n S 1's eff1'c1'ent.

II. To fl'nd an eff1’c1'ent p01'nt L'n S.
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III. To dec1'de l'f a gl'ven eff1'c1'ent pel'nt l'n S 1's unl'que or 1'f

there are other eff1’c1'ent po1'nts.

IV. If a gl'ven eff1'c1'ent p01'nt 1's not unl'que, to f1'nd dl'rectl'ons

to other eff1'c1'ent p01'nts.

V. The solutl'ons of the abt‘Ve‘ problems do not depend on the absolute

magnl'tude of the c.. They only descrl'be the relatl've l'mportance
J

of the dl'fferent act1'v1't1'es xl,...,xn. Therefore we also conSL'der

the problem

max g(x)
x effl'c1'ent

for some functl'on g. m algorl'thm that solves th1's problem for

ll'near g 1's gl'ven.

h.E. PICHTT, Aerospace Corporatl'on, San Bernardl'no, Cal.

Th1's paper reports on a method for solv1’ng nonll'near optl'ml'zatl'on

problems 1'n whl'ch there 1's contl'nuous gradl'ent 1'nformat1'on about

both the obJ'ectl've functl'on and the constral'nt functl'ons. T‘he algo-

r1'thm may be d1'v1'ded naturally 1'nto two parts. The' f1'rst, whl'ch we

callMtheba51'c set of constral'nts alorl'thm, deals w1'th 1'nequa11'ty

constral'nts by p051'ng equall'ty constral'ned optl'ml'zatl'on problems

for the second part of the algorl'thm to solve. It 1's a combl'natorl'al,

or global, algorl'thm, as d1'st1'nct from the local methods such as the

method of gradl'ent prOJ'ectl'ons. The second part of the algorl'thm 1's

a method for optl'm1'21’ng functl'ons subJ'ect to equall'ty constral'nts.

Th1's method makes use of the Dav1'don-F1etcher-Powell algorl'thm for

unconstral'ned optl'ml'zatl'on, and, ll'ke that method, converges from

any startl'ng p01'nt and has eventual quadratl'c convergence for

quadratl'c functl'ons.

In the paper, we fl'rst heurl'stl'cally motl'vate and develop the

ba51'c set of constral'nts algorl'thm. Also we prove (Theorem 1) that

1'f the algorl‘tm does not cycle, then 1't obtal'ns a local opt1'mum

of the functl'on. A matrl'x method used to 1'mplement a portl'on of the
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algorl'thm 1's presented. The second method, wh1'ch 1's essentl'ally an

algorl'thm'c procedure for e11'm1'nat1'ng varl'ables, 1's developed next.

Because of 1'ts 1'ntr1'n51'c Sl'mpll'c1'ty, we he51'tate to call 1't novel,

but we know of no place where 1't has been presented 1'n 1'ts present

fom.

In add1't1'on to the algorl'thm, we present a set of suff1'01'ent

condl'tl'ons for the ex1'stence of a unl'que global optl'mum (Theorem 3)

whl'ch was suggested by the algorl'thm. The theorem 1's combl'natorl'al

1'n nature and 1's not based upon the usual convex1'ty assumptl'ons.

We also cons1'der the questl'on of cycll'ng of the ba51'c set of con-

stra1°nts algorl'thm. Sl'nce cycll'ng can occur, we have preferred to

refer to thl's algorl'thm as part of the "mag1'c arts" of nonll'near

opt1'm1'zat1'on. However, we conJ'ecture that under condl'tl'ons only

sll'ghtly stronger than those of Theorem 3, the algorl'thm does not

cycle. We adduce supportl've ev1'dence for thl's conJ'ecture and prove

(Theorem 4) certal'n spec1'al 1'nstances of 1't.

We conlcude w1'th several 1'llustrat1've examples.

JEAN-MARIE PLA, S.N.C.F., Paris

m "out-of-k1'lter" #Alor1'tm for #SOlVLn Ml'nl'mal Cost Potentl'al
 

Problems

Most of network flow problems can be effl'c1'ently and elegantly

solved by means of the so-called out—of-kl'lter" algorl'thm publl'shed

by D.R. FULHRSON 1'n 196]. The present paper al'ms at produc1'ng a

Sl'ml'lar algorl’thm su1'ted to network potentl'al problems.

'out-of-k1'lter",Thl's algorl'tm, bel'ng almost exactly the dual of

has the same attractl've features as the latter.-

- the progress towards optl'mum 1's monotone for each arc of the

network,'

- the stratl'ng solutl'on may be l'nfea51'ble,'



 

105

- fl'nally, all or part of the data can be altered durl'ng or after

the calculatl'on, keepl'ng the current solut1'on as a startl'ng one

for the new problem.

Ll'ke "out-of-k1'1ter", the algorl'thm to be descrl'bed 1'ncludes'
three routl'nes.‘

- a labell'ng process, whl'ch leads e1'ther to "breakthrough" or to

"non-breakthrough",'

- a potentl'al alterl'ng process (l'f non-breakthrough),’

- a flow alterl'ng process (1'f breakthrough).

It allows detectl'ng 1'nfea31'b1'11'ty, but also the lack of f1'n1'te

optl'mm - what "out-of-k1'1ter" 11'kew1'se could do for sll'ght

modl'fl'catl'ons - and teml'nates 1'n a fl'nl'te number of steps, prov1'ded

the data are 1'ntegers or ratl'onals.

M.A. POLMTSCHEK and B.AVI-ITZW, Technl'on, Hal'fa

_A #Deep-cuttl'n Procedure for 4Inteer #Proraml'n

A cuttl'ng procedure 1's developed for the 0-1 11'near progrm.’

M m x IA 0" H II l,2,...,m,' 0 <_ xJ. s l, J' -— 1,2,...,n,'

n
c.x. -> max

E, J J ’ (1a)
J

(1b)X]. 1'5 1'nteger,

where cJ. 1's 1'nteger and O <_ cl <_ c2 <_ ...<_ c .

Supp051'ng that 2 1'3 an upper bound of the maxl'mm,

we have'.

(2)l,2,...,n.z c.x. _< z,' xJ. 1's 0 or 1, J'

Con31'der1'ng x as a real vector, the convex hull of the

solutl'ons to (2) can be wrl'tten as.‘
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(3)<_], R
J.

G.

n
M

D

II n—‘._. ow NN ma 0 o u H H v

.X.
k,J J1j

where n-vector flak and scalar K should be determl'ned.

Theorem. ak are the ba51'c fea51'ble solutl'ons to the system 1'n B.'
"’ N

n

(4)l,2,..., n<1, 2=1,2,..., L; B. _> 0, j3'31 .8.
:J JIIM ]J'

where yz, 2 -— l,2,..., L are all the solutl'ons to (2).

Gl'ven a p01'nt u, the "farthest" 1'nequa11'ty,

a.x. <_ l,
l J JH

M
d

3'

among the 1'nequa11't1'es of system (3) from p01'nt u 1'n norm L],

approx1’mtely, 1's gl'ven by the solutl'on of

u.B.maX

IIML
‘

subJ'ect to (4).

Thus,

1's the deepest cut 1'n L] norm, approx1'mately, from p01'nt u, u31'ng

1'nequall'ty (2).

The ba51'c cuttl'ng procedure con51'sts of the follow1'ng steps.‘

1. F1'nd a solutl'on to (la). Let x(]) be the solutl'on and 2(1) the

1.value of the obJ'ectl've functl'on. k .‘

2. If x(k) has 0-1 entrl'es only, stop. It 1's a solutl'on to (Ia-1b).

Otheml'se proceed.

3. F1'nd.°

a - Max [Zx.(k)
0 J

B. V .' Z .8.
3| 2 deJ

IA 7 'm IV O L.J II M x -
A K‘ V

9.
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4. If a > 1, the constral'nt Ex.a.. <— 1 1'5 added to the system,0 J J
(k+l) (k+1)

k.'—- k+lw1'th value 2reoptl'ml'ze, the solutl'on 1'5 x

and return to step 2. Otheml'se proceed.

5. F1'nd whether any 0-] solutl'on to ZcJ.xJ. —— [zk] satl'sfl'es the

orl'gl'nal problem. In case of a p051't1've answer, stop.’ the solutl'on

1's found. Otheml'se proceed to step 6.

z(k+l) —— z(k) x(k+l) .'—— x(k),' k.'- k+1, retum to step 3.1"

The procedure converges l'n a fl'nl'te umber of steps to the

solutl'on of (1a) - (1b).

The sme 1'deas can be appll'ed to general 1'nteger 11'near programs.

MDMS PMKOPA, Hungarl'an Academy of Sc1’ences, Budapest

#Proram’n under grobabl'll‘stl't~ constral'nts and pgrogrml'n mder

constral'nts 1'nvolv1'ng condl'tl'onal expectatl'ons
  

1. WThefollow1'n fundmental theorem holds.‘ Let Q(_x) be a convex

functl'on 1'n R and g(z) be a decrea31'ng and d1'fferent1'ab1e functl'on

1'n the range of values of Q(_x). We suppose that g(z) /> 0, -g’(z) 1's

logconcave, Jg(Q(_X)) d_x < °°(logconcavity of a functl'on h(_x) 1's
n

R

defl'ned by the 1'nequa11'ty

A , 0 < A < 1).h(>\_x + (1-x)__x2) >_ [h(_x1)])‘ [h(_x2>]“

We con51'der the 1'ntegral J g(Q(x_)) d_x wh1'ch 1's a functl'on of

A+t

the varl'able vector _t. A 1's a convex subset of RI1 and A+_t means a

translatl'on by t_. Statement'. f(t_) 1's logconcave 1'n Rn. The functl'on

g(Q(_X)) w1'll be used as the perabl'll'ty den51'ty of a random vector.

Logconcave den31°t1'es satl'sfy the above assumptl'ons because they are
‘Q (_X) -zof the fom e and g(z) -— e . In thl's category we f1'nd mong
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others the multl'varl'ate nomal d1'str1'but1'on (w1'th arb1'trary para-

meters), the Wl'shart, the D1'r1'chlet and the multl‘varl'ate beta d1's-

trl‘butl'ons (w1'th sul'table parameters). If the den51'ty 1's Lloconvex

then the probabl’ll'ty of the set A+t_ 1's a lLoconvex functl'on of t_.

Thl's last statement 1's far more l'medl'ate then the fundmental

theorem. Exmple for a logconvex probab1'11'ty measure 1's the mu1t1'-

varl'ate Pareto d1'str1'but1'on. The fundamental theorem 1'mp11'es 1'n

partl'cular that log ¢(t],...,tn) 1’s a concave functl'on 1'n the entl’re

n-dl'menSI'onal space where ¢(t1,...,tn) 1's the multl'varl'ate nomal

probabl’ll'ty dl'strl'butl'on functl'on (w1'th arbl'trary parameters).

2. WAll'catl'onsto stochastl'c programl'n models.

a) Let B_1, _82 be random vectors where the components have a J'Ol'nt

) >_ p ornomal dl'strl'butl'on. Constral'nts of the type P(B__1 <_ M_ <_ 8_2

P(_h(_x) >_ _81) >_ p w1'll be con31'dered where _h(_x) 1's a concave vector-

valued functl’on and p 1's an arbl'trary probab1'11'ty between 0 and 1.

In v1'ew of the fundmental theorem the functl'ons on the left hand

Sl'des are logconcave l'n _x thus such constral'nts can be parts of

convex or qua51'-convex progrml'ng problems. Sem1'-1'nf1'n1'te stochastl'c

programl'ng problems can also be formulated by 1'ntroduc1'ng constral’nts

e.g. of the follow1'ng type.‘ P(B](t) <_ A(t,_x) <_ 82(t), t e T) >_ p,

where T 1's an 1'nterval, 81(t), 82(t) are stochast1'c processes w1'th

Gaus31'an fl'nl'te dl'menSL'onal d1'str1'but1'ons and A(t,_x) 1's a ll'near
. . n .functlon 1n _x e R for every f1xed t e T.

b) The DantZL'g-Madansky-model (two stage program1’ng under un-

certal'nty) 1's transfomed by 1'ntroduc1'ng a new cond1't1'on contal'nl'ng

a prescrl’bed lower bound for the probabl'll'ty of solvabl'll'ty of the

second stage problem (the second stage problem 1's not supposed to

be solvable for all fl'rst stage dec1's1'on vectors _x). The obJ'ectl've

functl'on 1's also modl'fl'ed and the new model 1's Show to be a convex

progrm1'ng problem.

3. ConSL'der the problem.’ gl.(_x) 2 81., 1' ‘- 1,..., m, _X Z _09 m1.“ g(_x),
where the functl’ons g1(_x),..., gm(_x) are concave. If 81,...,8m are
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random varl'ables then thl's problem looses 1'ts meanl'ng. Our problem

1's now formulated as.‘

E(8i-gi(_x) l ei—gi<_x> > o) _< f 1' —— l,...,m, _x >_ O, ml'n g(_x),°1"

here f],...,fm are arbl'trary p031't1've constants and on the left

hand Sl'des there stand condl'tl'onal expectatl'ons. If 81,...,Bm have

nomal d1'str1'but1'ons, then th1's last problem can be Show to be a

convex programl'ng problem (prov1'ded, of course, g(_x) 1's also

convex) .

4. @Alorl'thml'csolutl'ons. Algorl’thms for the solutl'on of models

2.a) and 3.) w1'll be gl'ven and the solutl'on p0551'b1'11'ty of the

mdel 2.b) w1'll be d1'scussed.

L.D. PYLE and G.J. MCWILLIMS, Unl'ver51'ty of Texas, Austl'n

On the Use of the Prol'ected Gradl'ent 1'n place of Ward's Transfom-

t1'on _1'n the gAprox1'mte Solutl'on _of No-D1'mens1'onal Transportatl'on
 

Problems

In a paper 1'n Psychometrl'ka [1] J.H. Ward dl'scusses a transfor-

matl'on s1'm1'lar to that for computl'ng the prOJ'ected gradl'ent [2].

%en appll'ed to the cost vector of a two-d1'mens1'onal transportatl'on

problem, Ward's transfomatl'on yl'elds a vector whl'ch 1's then used

1'n deteml’nl’ng a feaSL'ble solutl'on often found to be optl'mal or

"near optl'ml".

Thl's paper presents the results of a serl'es of numerl'cal

experl'ments bel'ng conducted uSL'ng the prOJ'ected gradl'ent 1'n place

of the transfomed vector gl'ven by Ward. Impll'catl'ons for general

ll'near programl'ng problems are dl'scussed, together w1'th some of the

attendmt dl'ffl'cultl'es, such as the computatl'on of prOJ'ected gra-

dl'ents for large, sparse ll'near systems [3].

[1] WAm, J.H., The Counsell'ng A531'gnment Problem, Psychometr1°ka,

Vol. 23, nr. 1, March 1958.
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[2] CLINE, R.E., md L.D. PYLE, The Generall'zed Inverse 1'n L1'near

Progrm1’ng - m Intersectl'on PrOJ'ectl'on Method and the

Solutl'on of a Class of Structured L1'near Program1'ng Problems,

Tm - 103, Computatl'on Center, The Unl'verSL'ty of Texas at

Austl'n, Austl'n, Texas (1970).

[3] SMITH, D.K., A Dynaml'c Component Suppre351'on Algorl'thm for the

Acceleratl’on of Vector Sequences, Doctoral the51's, Purdue

Unl'verSL'ty, Lafayette, Indl'ana (1969).

 

MZA WWI, Pahlav1' Unl'verSL'ty, Sh1'raz, Iran

Appll'catl'on _ofMathemt1'cal AProgram1'n _to Optl'mum JDESI. _of

Optl'mum de51'gn of engl'neerl'ng structures can be fomulated

1'n the fom of the follow1'ng mathematl'cal programl'ng problem.‘

Min{f(x) l (I>(x,u) = o, g(x,u) >. o, h(x) >_ 0}
x

where'. x represents the de31'gn varl'ables such as the Sl'ze of the

structural members,

u represents the behav1'or varl'ables such as stresses,

dl'splacements, etc.,

f(x) 1's the obJ'ectl've functl'on representl’ng the wel'ght or

cost of the structure,

¢(x,u) -— 0 represents the set of ana1y51's equatl'ons generally

cons1'st1'ng of the equl'll'brl'm and compatabl'll'ty systems of

equatl'ons,

g(x,u) >_ 0 represents the set of behav1'or constral’nts

guardl'ng the structure agal'nst varl'ous fal'lure modes such as

exce551've stral'ns, etc.,

h(x) _> 0 represents constral'nts on the deSL'gn of structural

elements due to codes and spec1'f1'cat1'ons such as ml'nl'mum

specl'fl'ed plate th1'ckness, etc.
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In the trad1't1'ona1 method of structural de51'gn, the de31'gner

trl'es to obtal'n feaSL'ble de51'gns satl'sfyl'ng analys1's equatl’ons and

constral'nts. He takes 1'nto con51'derat1'on the de51'gn obJ'ectx'ves us1'ng

de51'm pr1'nc1'ples, l'ntur'tl'on, emerl'ence, and numerous cycles of

trl'al analy51's and rede51'y. For certal'n classes of structures the

de51'gner fl'nds that deSL'gns based on the Fully-Stressed pr1'nc1’p1e

or the Sl'multaneous Mode of Fal'lure prl'nc1'ple leads to ml'nl'mum

wel'ght desl'gn. Unfortunately, the tradl'tr'onal de51'gner often extra-

polates these pr1‘nc1'ples beyond the range of thel'r appll'catl'on re-

sultl'ng l'n 1'neff1'c1'ent structures.

By con31'der1'ng the structural de51'gn as a mthemtl’cal pro-

grmr'ng problem, 1't 1's Show that follow1'ng the tradl'tl'onal desx'gn

prl'ncl'ples leads to a part1'cular vertex of the constral'nt set

g(x,u) >_ 0. For some nonll'near cases thl's vertex 1's not the optl'mm

pol’nt. The Kuhn-Tucker Optl'mall'ty Condl'tl'on 1's used to verl'fy the

optl'mll'ty of the de31'gns based on tradl'tl'onal prl‘ncl’ples.

Ll'near programr'ng has been used for the ll'ml't analy51's and

de51'gn of structures. In thl's case the m1'n1'mum-We1'ght de31'm problem

1's obtal'ned uSL'ng the Statl’c fomulatl'on or l'ts dual, the Kl'nematl'c

formulatl'on. Recently, ll'near programl'ng has been used 1'n the

ml’nl'mm-wel'ght de51'fls of trusses to fl'nd not only the areas of the

memers, but the topology of the opt1'mum truss as well.

In general, most deSL'gn optl'ml'zatl'on problems are non-ll'near)-

therefore, non-11'near programl'ng methods have been used for the

optl'mw desr'gn of mny types of elastl'c structures. For the solutl'on

of the non-ll'near problem, varl'ous methods of fea51'ble dl'rectl'ons or

methods of unconstral'ned ml'nl'ml'zatl'on u81'ng penalty functl'on

technl’ques or Cuttl'ng Plane methods us1'ng a sequence of ll'near

progrmr’ng problems are used.

Problems of ml'nl'mmcost desx'ms of structures have led tov

the generatl'on of mny types of Integer Progrml’ng and Fl'xed-Charge

Problems. In the solutl'on of some of these problems, a Dwaml‘c

Programx’ng technl'que 1's used.
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Optl'mum de51'gn of structures on the baSL's of rell'abl'll'ty 1's

another 1'mportant area of research. Here, the problem of the optl'mum

de31'gn reduces to that of mathemtl'cal programl'ng under uncertal'nty.

By u51'ng er'ther potentl'al or complementary energy F.0mulat1'on,

many conservatl've structural analys1's problems can be treated as un-

constral'ned m1'n1'm1'zat1'on problems. Methods of unconstral'ned m1'n1'm1'-

zatl'on 1'n conJ'unctl'on w1'th energy fomulatl'on 1's also used for the

solutl'on of combl'ned structural analy51's and deSL'gn opt1'm1'zat1'on

problems.

Under certal'n condl'tl'ons the mathemtl'cal models of detem1’-

natl'on of the plastl'c stral'n rates 1'n plastl'c and elastoplastl’c

structures results 1'n the m1'n1'm1'zat1'on of a quadratl'c functl'on,

subJ'ect to ll'near 1'nequa11't1'es. The solutl'on of th1’s quadratl'c

programl'ng problem leads to a ml'nl'mum theorem for plastl'c stral'n

rates. Quadratl'c Progrm1’ng technl'ques are also used for the so-

lut1'on of the matrl'x method of stat1’onary creep analys1°s of struc-

tures and many other des1’gn-analysr's problems u31'ng energy fomula-

tion.

Many other appll'catl'ons of mthematl'cal program1'ng technl’ques

to the analy51's and optl'mm de31'gn of structures together w1'th the

problem areas, future trends and unsolved problems are also reported.

PIEm ROBILME and MICML FLORIM, Unl'vers1'te’ de Montreal, Montreal

$(O,I)-Herboll‘c #Proraml'n Problems

The problem of (0,l)-hyperboll'c progrm1’ng l'ntroduced by

Hamer and Rudeanu (Boolean methods 1'n Operatl'ons Research) can be

fomulated as follows.'
n n

. . . . F __ + ' ' + . 'm1n1mlze the functlon (X) (30 1_-—Z] a1 x1)/(b0 1._-Zl b1 x1

subJ'ect to the constral'nts HJ.(X) _< dJ., J' -— l,2,..., m where the HJ.

are pseudo—Boolean functl'ons and x1. -* {0,1}, 1' —‘ 1,2,..., n.

We denote th1's problem by P and X* 1'5 an optl'mal solutl'on of P 1'f

m1'n1'm1'zes F(X) and satl'sfl'es the set of constral'nts.
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* . u 0 a
The solutl’on X can be obtalned by solv1ng a flnlte number

of problems where a ll'near functl‘on 1's ml'nl'ml'zed under the orl'gl'nal
. . . . * .

constralnts. %en the funetlons HJ. are 11near the solutlon X 1s

obtal‘ned by solv1'ng a f1'n1'te md usually smll number of (0,1) ll'near

progrm1’ng problems. %en no constral’nts of the fom HJ.(X) <_ dJ. are

1'mposed the method of solutl'on reduces to the one descrl’bed by

Hmer and Rudeanu.

The algorl'thm 1'ntroduced above 1's l'llustrated by few nmerl'cal

exemples and a serl'es of computer trl'als w1'th a sul'table code.

J.B. ROSEN, Un1'ver51'ty of Wl'sconSL'n, Madl'son

Solutl’on and Error Bound for Partl'al D1'fferent1'al Equa'tl'ons by

Ll'near #Prorml'n

A general method for obtal'nl'ng an approxl’mate solutl'on, to-

gether w1'th an error bound, for certal'n types of boundary value

problems w1'll be descrl'bed. m approxl'mate solutl'on 1's assumed as a

11'near combl'natl'on of selected basr's functl'ons. The coeffl’c1'ents of

thl's 11'near combl‘natl’on are determl'ned uSL'ng ll'near progrm1'ng so

as to ml'nl'ml'ze the error bound on the approx1’mte solutl'on.

DAVID S. RUBIN and ROBERT L. GMVES, Un1'ver51'ty of Chl'cago, Chl'cago

fie Modl'fl'ed 4Dant21' Cuts for IAnteer Pwrorml'n
 

We consr'der the 1'nteger program

mx c'x z

bsubJ'ect to M (I?)
x 2 0 and 1'nteger

where c 1's (m+n) x 1, b 1's m x 1, A 1's (m+n) x n, and all three

have all 1'nteger components.

Let B be the optl'ml baSL's for IP taken as a ll'near progrm,
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xB, and x as (KN ).
N

c
and let A be partl'tl'oned as (B,N), c as (C B)

N
Then Tucker's ll'near progrm1’ng optl'ml tableau 1's

1

__ 1Z Y0 Y

_ —1 {-1
B B b B N

m 0 - I

l
N l

N - cN'. We denote the elements ofB—Ib md y' —— CBB—where Y0 '— c B

xB as xB],..., me, and those of w as fil,..., fin.

IIf B—
addl'ng addl'tl’onal constral’nts, or cuts, to the problem. In 1959 [I],

b 1's not an all 1'nteger vector, we can proceed by

Dantzr’g proposed the out

>“J. _ l

n
“’5

lJ'

to be used for 1'nteger progrm1’ng, but dl'd not gl've a proof that an

algorl'thm based solely on thl's cut (the "Dantzx'g cut") would converge

to the IP optl'mm. In 1963 [2], Gomry and Hoffmn proved that such

an algorl’thm would not converge 1'n general. In thl's paper we present

some sll'ghtly modl'fl'ed versx’ons of the Dant21'g cut whl'ch can be

show to converge 1'n all cases.

We denote the mtrl‘x 1’n the tableau by Y, and we nwber 1'ts

rows from 0 to m+n and l'ts colms fom O to n. er’te Y —— W+F

where f1.J. y1.J. - [y1.J.], the p051t1ve fractlonal part of yl.J.. Choose

some 1'ndex 1' such that f1.0 f 0. We call row 1' the "source row for

the cut. Let 6... ‘— {1 1f fl'J' * o
13 o 1'f £1.J. —- o

Dantzx’g cut (the "MD1 cut") by

. We defl'ne the fl'rst modl'fl'ed

(Si-1. )fiqu 1

"MD _.
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and propose the m1 algor1'thm.’

1) Use the Sl'mplex method to solve IP as a ll'near progrm,

fl'nl'shl'ng w1'th a lex1'co-dua1 feaSL'ble tableau. (We assume that the

problem 1's bounded.)

A. If 1'nfea51'ble, then IP 1's 1'nfea51'b1e.

B. If fea51'ble, and the solutl'on 1's all l’nteger, 1't 1's optl'mal

1'n IP.

C. If feaSL'ble, and the solutl'on 1's not all 1'nteger, go to

step (2).

# 0, and let row 1'* be
*

2) Let 1' be the least 1' such that f1.
0

the source of an m1 cut. (If all fl. —— 0, 1' -— 0,...,m+n, then theo
y00 yoo\

y1'*o y1'*o)

Add the cut to IP, p1'vot once, and to to step (3).

tableau 1's optl'ml for IP.) Let n '—

3) If the new tableau (whose mtrl'x we denote by Y') 1's

A. prl'ml fea51'b1e, go to step (2),'

B. prl'mal 1'nfea31'ble, and l'f

l. .' _< n, p1'vot unt1'1 prl'mal fea51'b1'11'ty 1's restored,
'

y1‘*o

and go to step (2). If fea51'b1'11'ty cannot be restored,

then IP 1's 1'nfea81'b1e.
I

{yoo

2. . > n, add another m1 cut derl’ved from the same

,'*
1 0

row, p1'vot once, and to to step (3).

Lem.‘ The MDl algorl'thm cycles l'n step (3) untl'l e1'ther

' *a. . _<n. or
y1*0 1

b. for some k ~— 0,1,...,1' - l, orI
yk0 <“k

c. 1't determl'nes that IP 1's 1'nfeas1‘b1e.
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One of these cases must occur after a f1'n1'te length of t1'me.

Theorem.‘ The MDl algorl'thm converges to the solutl'on of IP or shows

that

IP 1's 1'nfea51'ble l'n a fr'nl'te length of tr'me.

Although convergent, the algor1'thm can be show to be qul'te

slow. The paper contl'nues by 1'nvest1'gat1'ng ways to strenghten the

m1 cuts. We show that l'n very general c1'rcumstances, the rl'ght hand

Sl'de of the cut can be changed to a two. We call th1's the m2 cut.

It also turns out to be qul'te weak. For a fl'nal strenghtenl'ng of the

cut, we use 1'ts coeff1’c1’ents as an obJ'ectl’ve to Gomory's asmptotl'c

algorl'thm [3, 5], and let that procedure deteml’ne the rl'ght hand

s1'de of the cut, frequently an 1'nteger greater than two. We call

thl's the Mk cut.

We conclude w1'th a d1'scu531'on of the computatl'onal aspects

of the Mk cuts, and a suggestl'on for an algorl'thm whl'ch combl'nes

thl's cut w1'th the method of 1'nteger foms cut [4].

[l] DMTZ’IJP, G.B., Note on Solv1'ng Ll'near Programs 1'n Integers.

WNavalResearch L01'st1'cs Quarterl, VI (1959), 75-76.

[2] GOMORY, R.E. and HOFFW, A.J., m the Convergence of an Integer

Programl'ng Process, WNavalResearch L01'st1'cs Quarterl,
x (1963), 121—123.

[3] GOMORY, R.E., Some Polyhedra Related to Combl'natorl'al Problems.

1m Report RC2145, July 1968.

[4] GOMORY, R.E., m Algorl'thm for Integer Solutr’ons to L1'near

Programs, 1'n R.L. Graves and P. Wolfe (eds.), Recent Advances

Al'nMathematl'cal Prorml'n. New York'. McGraw-Hl'll, 1963.

[5] RUBIN, D.S., The Nel’ghborl'ng Vertex Cut and Other Cuts Derl'Ved

w1'th Gomory's Asmptotl'c Algorl'thm. Unpub11.'shed doctoral

dl'ssertatl'on, Graduate School of Busr'ness, Unl'ver51'ty of Chl'cago,

June 1970.
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R.W.H. SMGEM md B.A. WRTAGH, Imperl'al College, London

+Pro'ect1'on Methods for Non—Ll'near #Prorml'n

The paper descrl'bes several prOJ'ectl'on algorl'thms for non-l1'near

equall'ty constral'nts. mese are based on the "rank—one" qua51'-Newton

m1'n1'm1'zat1'on technl‘que coml'ned w1'th varl'able metrl'c prOJ'ectl'on,

whl'ch 1'n the best algorr’thm fl'ts the constral'nts to second order.

To achl'eve convergence for non-ll'near constral'nts 1't was found

necessary to ll'ml't the extent of constral'nt v1'olat1'on at each step,

el'ther by use of a penalty functl'on, or by a correctl'on procedure.

Several correctl'on procedures are examl'ned and compared w1'th the

use of a penalty functl'on.

Non-ll'near 1'nequa11'ty constral'nts are effectl'vely dealt wx'th by

convertl'ng them to equall'ty constral'nts uSL'ng slack varl'ables, and

ll'near 1'nequa11't1'es by u51'ng Rosen's strategy for constructl'ng a

sub-set of actl've constral'nts.

Nmerl'cal results are gl'ven for the set of problems publl'shed

by Colv1'lle, show1'ng that the algorl’thm as fl'nally developed con-

verges satl'sfactorl'ly to the correct solutl'on for all the problems,

‘dl'n each case requl'rl'ng fewer functl'on evaluatl'ons than the best of

the algorl'thm prev1'ously recorded.
\

 

ROWD SCHINZINGER, Lnl'verSL'ty of Ca11'forn1'a, Irv1'ne

Alnteer Ll'near #Prorm1'n

There ex1'sts for every ml'xed l'nteger 11'near progrm1'ng problem

m optl'mm at whx'ch the L'ndependent contl'nuous varl'ables assume the

value zero. mesa are surface optl'm, not necessarl'ly unl'que, but

more ea51'ly located. More spec1'f1'cally, the locus of such an optl’mum

1'.° the 1'ntersect1'on of g plmes whl'ch 1'n tum are defl'ned by g zero-
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valued contl'nuous var1'ables,‘ g 1's the orl'gl'nal number of contl'nuous

varl'ables, 1'.e. excludlng contl'nuous slack varl'ables.

As a reasonable startl'ng p01'nt 1'n the search for the optl'mum

one may t11erefore select g 11 kely candl'dates from among the con-

t1'nuous var1'ables,‘ both deSL'gn varl'ables and slack varl'ables may be

chosen as long as they are of the contl'nuous varl'ety. These g con-

t1'nuous varl'ables would then be set equal to zero, leav1'ng one w1'th

m (or less) dependent contl'nuous varr'ables as well as the set of

l'nteger varl'ables. Here m 1's the number of constral'ntss. There 1's no

assurance that the orl'gl'nal set of g candl‘dates was the optl'mum set.

Other combl'natl'ons must therefore be explored, but the search 1's

truncated by strl‘ngent tests. The problem 1's then referred to any

enumeratl've type search, such as the Shrl'nkl'ng Boundary Algorl'thm *)

whl'ch may be modl'fl'ed to advantage to handle contl’nuous varl'ables

mong the dependent varl'ables, or to the conver51'on algor1'thm whl'ch

transfoms a ml'xed r’nteger problem l'nto a pure 1'nteger problem. The

latter has not been descrl'bed e1sewhere,' therefore 1't w1'll be

sketched brl'efly L'n thl's paper.

*
) "A Shrl'nk'l'ng Boundary Algorr‘thm for Dl'screte Systems Models"

by R.M. Saunders en R. Schl'nzr'nger, IEEE Trans. on Systems Sc1'ence

and Cybernetl'cs, May 1970.

B.M.E. DE SILVA, Un1'ver51'ty of Technology, Loughborough,

Ler'cestershl're

Thl's 1'nvest1'gat1’on 1's a contl'nuatl'on of a research program 1'nto

computatl'onal procedures based on the methods of mathematl'cal pro-

grmx'ng for solv1'ng structural optl'ml'zatl'on problems 1'n the presence

of desr'gn constral'nts. Such procedures were successfully developed

for obtal'nlng m1'n1'mum wel'ght solutl'ons [1,2,3] to a turbl'ne dl'sc of
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varl'able thl'ckness 1'n the presence of constral'nts on the stresses,

natural frequenc1'es of v1'brat1'on. The problem was formulated as a

general problem 1'n optl'mal control theory 1'n the presence of 1'n-

equall'ty constral'nts on the state and control varl'ables.

Numerl'cal solutl'ons were obtal'ned by transforml'ng the varl'atl'onal

formulatl'on l'nto a dl'screte nonll'near programl'ng fomulatl'on u51'ng

a p1'ecew1'se ll'near representatl'on for the control varl'ables.

In the present l'nvestl'gatl'on an attempt 1's made to further generall'se

these procedures and to extend the1'r scope to 1'nclude more complex

structural opt1'm1'zat1'on problems.

For thl's purpose, the paper con31'ders the problem of maxx'm1'51'ng some

ll'near combl'natl'on of the frequenCL'es of v1‘brat1'on of a turbl'ne dl'sc

subJ'ect to constral'nts on the dl'men51'ons and tolerances of the d1'sc

and 1'ts total wel'ght. The problem 1's agal'n fomulated as a general

optl'mal control problem w1'th the frequenc1’es as control parameters.

The desx'gn requl’rements are represented by state and control 1'n-

equall'ty constral'nts, the control and state varl'ables bel'ng gl'ven by

functl'ons descrl'bl'ng the varl'atl'ons 1'n thl'ckness and defomatl'on

fx'elds. Sl'gnl'fl'cant progress has been mde 1'n solv1'ng the problem

usx’ng purely analytl'cal technl'ques based on the(restr1'cted) maxx'mum

prl'ncx'ple of Pontryagl'n. (These 1'nclude the analytl'cal solutl'ons of

systems of ordl'nary dl'fferentl'al equatl'ons u51'ng perturbatl'on

technl'ques and analytl'cal solutl'ons of fourth order dl’fferentl'al

equatl'ons uSL'ng WE eman51'ons.) These transform the problem 1'nto a

nonll'near progrml’ng problem whl'ch 1's then solved nmerl'cally

usl'ng the Heav1'31'de penalty functl'on transformatl'on 1'n conJ'unctl'on

w1'th Rosenbrock's hl'll-cll'mbl'ng procedures.

Aval’lable computatl'onal emerl'ence 1'nd1'cates that these procedures

prov1'de powerful tools for handll'ng complex structural optl'ml'zatl'on

problems.

[I] B.M.E. DE SILVA, The appll’catl'on of nonll'near progrm1’ng to the

automted m1'n1'mum wel'ght de51'gn of rotatl’ng d1'scs.‘ 0pt1'm1'zat1'on
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(ed1'tor R. Fletcher), Academl’c Press (1969), pp 115—150.

[2] B.M.E. DE SILVA, The m1'n1'mm we1'ght de51'gn of d1'scs u51'ng a

frequency constra1'nt.‘ Transactl'ons of the Merl'can Soc1'ety of

Mechan1’cal Eng1'neers, Journal of Engl’neer1'ng for Industry,

November (1969), pp 1091-1099.

[3] B.M.E. DE SILVA, The appll'cat1'on of Pontryag1'n's Pr1'nc1'p1e to a

m1'n1'mum we1'ght des1'gn problem.‘ to appear 1'n Transact1'ons of the

wer1'can Soc1'ety of Mechanl'cal Engl’neers, Joumal of Ba81'c

Engl'neerl'ng.

MTTHEW J. SOBEL, C.O.R.E., Heverlee, Belgl'um

A_ f1’n1'te #Alorl'thm for fibu1'11‘br1'um Po1’nts o_f Games
 

Th1's paper presents an algorl'thm for computl'ng, 1'n a f1'n1'te

umber of steps, an equ1'11'br1'um po1'nt 1'n any f1'n1'te noncooperatl've

game. Thus the algor1'thm 1's also a constructl've (algebral'c) proof

of John Nash's theorem that such a game has an equl'll'br1'um p01'nt (EP).

Let Q —— {1,...,N} be a set of players and A1. be the set of

act1'ons ava1'1able to player 1'29. The game 1's f1'n1'te 1'f K —_‘ ZIA1.| < m

and none of the A1. 1's empty. The payoff to player 1’ 1'3 r1.(a) after

the players take the1'r act1'ons as A1,. If randoml'zed rule's are used,

the players' ut1'11't1'es are the1'r expected rewards. Let x1- (x1.k)
1be a randoml'zed rule for player 1', keA1.. Then x enl. wh1'ch 1's the

|A1.| - 1 d1'mens1'onal un1't Sl'mplex. Let n -— Xn1.. The ut1'11't1'es are

Ul.(x) -— Z ... Z x ... w r.(a ,...,fi).
aleAl %e% la] 1 1 N

N I 1'-l '+l N
For x —' (xl,...,x ), let x_l. —— (x ,...,x ,x1 ,...,x ) and

wr1'te x _- (x1,x_l.). Then x—en 1's sa1'd to be an %eu1'11'br1'mo1'nt

(EP) 1'f
_ 1' _ 1' .

U1.(x) 2 U1.(x ,x_1.), all x en1., all 129.
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It can be Show that an equl'valent condl'tl'on 1's that there be an

assocr’ated veEN and aeEk such that

)+a(I) vi —— U1.(e keA., 1'e91'k’X .
k’ -1

(2) xen, a 2 0

(3) ax —- 0.

Robert Wl'lson has recently used a system equl'valent to (1)-(3)

to prove Nash's theorem algebral'cally. Our algorl’thm 1's closely

related to Leme and Howson's algorl'thm for the case N -— 2 (bx'ma-

trl'x games) and to W1'lson's proof.

Our algorl’thm begl'ns by constructl’ng (by 1'nduct1'on on N) a

startl'ng p01'nt that satl'sfl'es (1) and (2),' 1't also satl'sfl'es (3)

>_ 0. Such aexcept pos51'bly for one L'ndex (1',k) so ax ‘— a. x.lk 1k
pol'nt 1's an almost complementary solutl’on (AC). If a solutl’on 1's

 

AC and ox -— 0, l't 1‘s an EP.

The algorl'thm con51'sts of exml'nl'ng a sequence of AC solutl'ons

untl'l an EP 1's reached. The pl'vot from one AC solutl'on to the next

one 1's accompll'shed by solv1'ng a ll'near progrm1’ng problem.

I.M. STMCU-MINASIM, Academy of the Soc1'a11'st Republl’c of Romanl'a,

Bucharest

Cr1'ter1'a

In the paper we con51'der three problems, that appear 1'n connectl’on

w1'th a transportatl'on network, problems that are dl'fferently treated 1'n

the 11'terature. We prove that l'n fact we have one problem to whl'ch

dl'stl'nct effl‘cl’ency functl'ons are assocr'ated.

Suppose that 1'n m productl'on centres A], A2,... A are al,az,...,am
quantl'tl'es of a certal'n materr'al that 1's asked by n centres of con-

:11

sumptl'on BI,B2,...,Bn , each askl’ng the quantl'tl'es bl,b2,...,bn. For

each route (A1.,BJ.) we denote by dl.J. the greatest quantl‘ty that can be

transported, by c1.J. the transportatl'on cost of a Sl'ngle unl'ty of the
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Problem .“ 1n the ammo conditional it is required to organise the
 

dispatch so that the total cost of transport:Ition ho minimal. This

is : classical transportation problom. It is proved that the model

of the transportation problem can he expressed by tho conatrninlu

(I) - (5).

The efficiency function oi the problem will be:

m n
Min F... - E S c

“ i-l '1']
(6)(v:

Problem 3. The data being the ones in the problem I, organise the
 

dispatch so that the total time ho minimal.
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Sl'ml'larly to the problem 2, the constral’nts are (l) - (5), and the

effl'cl'ency functl'on 1's.‘

111 1'1

Ml'n F = 2 E t.. 5..
3 .__1 J.=1 1] 13 (7)

1

In order to take 1'nto account all the three effl'cl'ency functl'ons,

they are transfomed 1'nto utl'll'ty functl'ons.'

+ bE 1,M II

n
M

5

N jn+1

'11 II

n
M

a

m II

N
M

a

that are smed up,‘ thus we obtal'n a smthe31's functl'on

F*=KF'+KF'+KF'
l l 2 2 3 3’

where K1, K2, K3 are 1'mportance coeffl’c1'ents for each functl’on,

l, 2, a3, 1, b2, b3 are some transfomatl'on coeffl'c1'ents ob-and a a b

tal'ned by the appll’catl'on of the von Neumnn-Morgenstem's defl’nl‘tl’on

of the utl'll'ty functl’on.

At the end of the paper, an example 1's conSI'dered.

JMOS STML, IWELOR, Budapest

On the t4wo-stae Stochastl'c L'l'near #Proraml'n Problem

We deal w1'th the two-stage stochastl‘c LP problem

(1) inf {E(cx + inf(dy | A x + By —— E,‘ y >— 0)) | Alx -— b,' x 2 0}2

where A 1, A2, B, c and d are g1'ven matrl'ces md vectors of approprl‘ate

Sl'ze, 5 1'5 a random vector w1'th knom dl'strl'butl'on functl’on and E

denotes the expectatl'on operator.
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As far as we know computatl'onally fea51'b1e procedures for

solv1'ng (1) are knom l'n the case B -— [1, -I3 and 1'n cases equ1'va'

lent to the prev1'ous one. (I denotes unl't matrl'x.) But l'n thl's

case the model 1's not too satl'sfactory from a stat1'st1'cal v1'ew-

p01'nt, Sl'nce the solutl'on depends only on the boundary d1'str1'but1'on

of E.

It 1's know that the set of fea51'ble solutl'ons, 1'.e. that sub-

set of {x I Alx b,' x ,> 0} for whl'ch {y I By -— g - Azx,- y _> 0} # ¢

for every reall'zatl'on of 5, 1'5 a convex polyhedral set. In the

II

fl'rst part of the paper algorl'thms for deteml'nl'ng th1's set w1'll be

con31'dered.

If E has a dl'screte dl'strl'butl'on, (l) 1's a LP problem. Under

ml'ld assumtl'ons 1't can be proven that the optl'mal value of the

LP problem belongl'ng to a d1'screte E converges to the value of (l)

1'f E- converges (weakly) to E. A procedure based on approprl'ate

approxr‘mtr’on of th1's type w1'll be dl'scussed.

Fl'nally we con51'der some exten31'ons 1'nvolv1'ng further stochastl'c

elements among the parameters.

R.B. STWIELD, ESSO Mathematl'cs & Systems Inc., Florhm Park, N.J.

Nonll'near #Proram1'n _1'n JLare Models

The use of large models today usually 1'nvolves large appll'cat1'on

orl'ented mtrl'x generator systems. In addl'tl'on, a number of these

s1'mulat1'ons are ll'ml'ted by our abl'll'ty to adequately represent non-

11'near bu51'ness Sl'tuatl'ons. Most cla551'cal nonll'near algorl'thms are

unsul'table for the ma551've data processr’ng and systems de51'gn problems

that occur 1'n these large generator systems. Iteratl've ll'near pro-

graml'ng technl'ques are suffl'c1'ent, however, to represent and solve

these nonll'near models.

These paper d1'scusses a solutl'on through the use of the modular

generator system, each module representl'ng a generl’c bu51'ness act1'—

v1'ty. The algorl'thms, ll'near and nonll'near, for the spec1'f1'c techno-
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logl'cal areas of the model would be coded w1'th1'n these modules.

The codl'ng would determl'ne the ex1'stence, functl'on, and arguments

to compute each element to represent an act1'v1'ty.

In the appll'catl'ons examl'ned, a maJ'or fractl'on of the elements

are nonll'near. To recompute a ll'nearl'zed model based on new solu-

t1'on values, one w1'shes to av01'd the 1'nput 1'nterpretat1'on, fl'le

searchl'ng and sortl'ng requl'red 1'n matrl'x generatl'on. The concept

of retal'nl'ng the functl'onal representatl'on of an element untl'l as

late 1'n data proce851'ng as poss1'ble 1's proposed.

Each nonll'near element would then ex1'st l'n a Vl'rtual form on a

master work fl'le. The actual work fl'le would be produced by pa551'ng

the master work f1'le agal'nst an edl't progrm and solutl’on values.

Such regeneratl'ons can be extremely fast, as they w1'll not 1'nvolve

1'nput 1°nterpretat1'on or sortl'ng.

A ml'ddle d1'st1'llates blendl'ng model 1'nvolv1'ng the nonll'near

pooll'ng problem was chosen for a demonstratl'on of the concepts. The

model 1'nvolved 200 rows and 2500 nonzero elements. m algorl'thm for

pooll'ng was 1'mplemented u51'ng 1'terat1've LP technl'ques. A system was

ml'tten to demonstrate both the system eff1'c1'ently as well as the

stabl'll'ty and convergence of the pooll'ng algorl'thm. The results have

been encouragl'ng.

In general, con31'derable analySI's w1'll be requl’red of a gl'ven

technology to generate general and rell'able nonll'near codes.

However, the 1'nclus1'on of such algorl'thms 1'n general generator

systems now seems feaSL'ble.’

DMIEL TABM, Rensselaer Polytechnl'c Instl'tute of Connectl'cut, Inc.,

East Wl'ndsor Hl'll, Conn.

LOtl'mal Control leathematL'cal #ProrML'n

Dl'rect appll'cabl'll'ty of mathematl'cal progrml’ng technl’ques

1'n the desr’gn of optl'mal control systems 1's dl'scussed [1,2] .
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Varl'ous case studl’es of actual 1'mplementat1'on of mathematl'cal

program1’ng algorl'tMS 1'n var1'ous problems of practl'cal appll'ca-

t1'ons are presented.

The types of control systems d1'scussed, 1'nclude ll’near, non-

ll'near, contl'nuous and d1'screte'(t1'me systems, deteml'nl'stl'c and

stochastl’c as well as d1'str1'buted)parmeter systems. The appll'ca-

b1'11'ty of 1'deas derl'ved from mathematl'cal programl'ng algorl'thms

to the solutl'on of nonzero-sum, constral'ned d1'fference gmes,

appll'ed to problems of economl'c competl'tl'on 1's also touched upon.

The areas of appll'catl'on l'nclude aerospace traJ'ectory optl'ml'zatl'on

and rendezvous problems, computer control of processes, nuclear

reactors and constral'ned estl'matl'on problems.

[I] D. TABM, Appll'catl'on of Mathematl'cal Program1’ng 1'n the De51'gn

of Optl'mal Control Systems, Ph.D. The51's, Unl'vers1'ty of Ill1'n01's,

Urbana, I11., 1967.

[2] D. TABM, B.C. KUO, Optl'mal Control by Mathematl'cal Programl'ng,

Prentl'ce-Hall Inc., Englewood Cll'ffs, N.J. (to appear 1'n 1970).

GEMD L. HOWSON, Carnegl'e-Mellon Unl'ver51'ty, P1'ttsburgh, and

ROW L. WIL, Unl'vers1'ty of Ch1'cago, Chl'cago.

MOtl'm1'21'nA(_or x) 4sub'ect _tom —“1Bx.' the Generall'zed #El‘envalue

Problem

For square A, M —- Ax 1's the standard el'genvalue-el'genvector

(hereafter, el'gensystem) problem. We have stud1°ed the problem

M -— ABx for m x n mtrl’ces A wd B. We show how the problem of

fl'ndl'ng such (A,x) can be reduced by a recurSL've appll'catl'on of

elementary row and colum operatl'ons to a standard el'gensystem

problem.

If A and B are square and B 1's non31'ngular, then the e1'gen—
. -1 .

system of M —- ABx 13 that of B M -— Ax, a standard elgensystem

problem.
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%en A 1's Sl'ngular or, more generally, when A and B are

rectangular, more detal'led malySL's 1's requl'red to 1’solate the

standard el'gensystem whose solutl'on 1's that of the generall'zed

el'gensystem.

We bell'eve the result t’o be fundmental and of w1'de potentl'al

appll'catl'on. As of th1's wrl'tl'ng the only appll'catl'on we have seen

1's to optl'mal control problems of the fom

x —— M + Bu

s.t. Cx -— f(t).

LEONm Tomm, Chevron Research Company, R1’chmond, Cal.

 

_A Ll'near #ProrML'n #Alorl'tm for Max1'mm 4Chane _at each Iteratl’on

Th1's algorl’tm selects a pl'vot at each 1'terat1'on whl'ch max1'm1'zes

the change l'n the obJ'ectl’ve functl'on and yet requl'res about the sme

mount of computatl'on. Sl'nce experl'ments [I] 1'nd1'cate that fewer

1'terat1'ons are usually requl’red, thl's method would be more economl'cal

thw the other comon procedures.

Such a procedure was gl'ven by M.A. Efromson, but only an ab-

stract was publl'shed [2]. Also, G.B. Dant21'g descrl'bed one l'n an

oral comunl'catl'on but dl'd not prov1'de for degeneracy. It 1's not

1'nd1'cated 1'n the abstract of Efromson that he allowed for degeneracy.

Thl's 1's done here, w1'th a small 1'ncrease 1'n t1'me.

Also, the algorl'tm 1's extended to 1'nclude upper boundl'ng, whl'ch

requ1'res apprecl'ably more t1'me to handle than 1'n the usual Sl'mlex

method. n
The noml fom used for the equatl'ons Z al.J. XJ. —- bl.

(1' - l,...,m), Z cJ.xJ. —— z + 20 (m1’n1'm1'ze) 1's descrl'bed as follows.

At each l'teratl'on, the l'ndl’ces 1,...,m of the equatl’ons are separated

1'nto two sets, IP and 12, whl'ch correspond to the p081't1've x3. and the

zero x. 1'n the present ba31's (x. ,..., x. ). We can assme I ¢ ¢.J J] Jm P
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For a certal’n L'ndex h E IP,bh=l,bi 0(iaéh);cj'=0;
1

a1.J. > 0,‘ all for 1' —- 1,...,m. Also, for 1' # h, agJ. -‘ 0 (g # 1'),
1' 1'

a.. - -a . (1' e I ), and a.. —- 0 (1' e I ). Hence, the present
IJh th Z

solutl'on 1'3 x. —* 1/a.. (1' e I ) and x. —— 0 (1' e I ).
Ji 131' P Ji Z

The ch01'ce of the next pl'vot 1's as follows. For each colum J'

hav1'ng c. < 0, let a. —— m 1'f there 1's an a.. > O w1'th 1' e I .
J J 1J Z

Otherw1'se, let aJ., '- max a1.J. for 1' # h, 1’ e I

a. -— max (a ., a . + a.,). If a. < 0, then the ml'nl'mum of 2 does
J In M J J

not ex1'st. Otheml'se, fl‘nd the max1'mum of IcJ.|/aJ.. Thl's gl'ves the

P, a1.J. > 0,’ and

colm s of the p1'vot, the row r hav1'ng been deteml'ned when f1'nd1'ng

a..
J

The fomulas for pl'votl'ng are s1'm1'lar to the usual ones but

depend upon whether r 1's l'n IP or IZ and whether 1' equals h or 1's

1n IP or 12.

[I] P. WOLFE and L. CUTTER, Experl'ments 1'n L1'near Programl'ng,

1'n R.L. Graves and P. Wolfe, Recent Advances 1'n Mathemat1‘cal

Programl'ng, 1963, p. 188.

[2] M.A. EFROWSON, Some New Algorl'thms for L1'near Progrml'ng

(Abstract), 1'n R.L. Graves and P. Wolfe, 1'b1'd., p. 219.

G.E. VEMSS, I.M. P&LAI and G.A. MSY, Hungarl'an Academy of

Sc1'ences, Budapest

bAll'catl'on o_f DLnaml'c #PIOIMI'D _to_an Industrl'al Problem

The problem 1's to fl'nd the optl'mum control for a cheml'cal plant.

The obJ'ectl've of the optl'ml'zatl'on 1's to max1'm1'ze the output of the

product. The plant 1's assumed to operate 1'n qua31'-steady-state and

1'ts operatl'on 1's characterl'zed, for a gl'ven 1'nput, by a certal'n
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nmber of manl'pulated and dl'sturbl'ng varl'ables.

Because of the conSI'derable nmber of varl'ables, the process

should be d1'v1'ded 1'nto a sequence of the dl'fferent unl’ts, where the

flows ll'nkl'ng the consecutl've stages are descrl'bed by a l1'm1'ted num-

ber of varl'ables. Hav1'ng partl'tl'oned the system, the optl'ml'zatl'on

can be carrl'ed out by means of dynaml'c program1’ng.

The dmaml'c program1’ng pr1’nc1'ple can be appll'ed to systems

con51'st1'ng of unl'ts of d1'fferent type, prov1'ded that approprl'ate

obJ'ectl've functl'ons of these unl'ts are aval'lable. Sl'nce the a1'm of

the optl'ml'zatl'on 1's to max1'm1'ze the output of the product, terml'nal

opt1'm1'zat1'on 1's concerned. In terml'nal opt1'm1'zat1'on, the overall

obJ'ectl've functl'on can always be descrl'bed as a sm of certal'n

sul'tably chosen stage obJ'ectl've functl'ons. In order to construct

such sul'table functl'ons, we 1'ntroduce the concept of the "potent1'a1

product", def1'n1'ng the stage obJ'ectl've functl'ons as the 1'ncrease of

the potentl'al product.
. . . th

The objectlve functlon of the n stage, Gn, depends on the

vectors of the 1'nput flow state varl'ables xfl, the stage control

varl'ables %, and the stage d1'sturb1'ng varl'ables flz, that 1's'.

n —— l,...,N.Gn —_ Gn(xfl’ fiy’ flz)

Wl'th the knowledge of the stage obJ'ectl've functl'ons, the overall

obg'ect1've functl'on of the plant can be stated 1'n accordance w1'th the

dynaml'c program1'ng pr1'nc1'p1e. That 1's, 1'f hn denotes the quantl'ty

of the potentl'al product over n stages u51'ng an optl'mal poll'cy, then

hn(—nx’—21""’—nz) = ymax Gn(—nx’1n’—nz) + hn—l(—nx-1’—Zl""’—nz-l)
—n

n —- l,...,N

prov1'ded that
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WILLIM F. W&HR Jr. and FWCIS A. MYNMCZYK Jr., Fl'rst Natl’onal

C1'ty Bank, New York

Solutl'on _to Nonll'near Least #Suares Problems lb Convex #Prorm1'n
 

A convex progrm1’ng procedure 1's appll'ed to the nonll'near

least sq‘xares problem 1'nvolv1'ng power transformatl'ons and to some

generall'zatl‘ons and exten51'ons.

Con51'der a set of m observatl'ons yl,y2,...,ym whl'ch are aval'lable

at m set of condl'tl'ons x. x. ... x. z. z. ... z. '11’ 12’ ’ 1n’ 11’ 12’ ’ 1k’
1' 5 Il - {l,2,...,m}.

Let E(yl.) ' n1- (1)

i-
1'-

2O
and E(yi - n1-)(yj - nj) = { 0

I
La. (2)l

LI.

can be representedwhere the functl'ons n1., 1' e I l,

(3)

(4)

(5)

(6)h.(a) —- a., J' 5 J —- {l,2,...,q}

n 2
F(b,c,a,e) ‘ E e.

. 1
1=m

(7)

In thl's paper we descrl'be a procedure to obtal'n estl'mates

of the parmetersbl,b2,...,bn,cl,c .,c2,.. k,al,a2,...,ak

B 1,82,...,Bn,Y1,Y2,...,Yk,al,a2,...,ak for the nonll'near least
squares problem where the estl'mates b],b2,...,bn,c],c2,...,ck,

al,a2,...,ak are not constral'ned by 11'near constral'nts 1'.e.
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IA1. MIN {F(b,c,a,e.)lfl.(b,c,a,e) —- yl.,1' e I], 1.]. <_ hJ.(a) ujyj E

and for the nonll’near least squares problem where the estl'mates

bl,b bn,cl,c2,...,ck,a],a2,...,ak are constral'ned by 11'near2,...,

constra1nts 1'.e.

11. MIN {F(b,c,a,e)|fl.(b,c,a,e) = y1.,1' e I 1 < hJ.(a) <_ ul’j‘ j,

J 6 J1, g1.(a) —- r1., 1 e 12}.

Computatl'onal experl'ence and statl'stl'cal 1'mp11'cat1'ons are

also d1'scussed.

ROW L. WIL and PAUL C. ETTLER, Unl'ver31'ty of Ch1'cago, Ch1'cago

#Rearranl'n Matrl'ces t_o BAIOCk-Mular Fom for D4ecomos1’t1'on (and

other) A#lor1'thms

  

 

The reader 1's perhaps most fam1'11'ar w1'th the exp101'tat1'on of

block-angular structures 1'n the context of mathematl'cal program1'ng.

For example, 1'f the rows and colums of the coeffl’c1'ent mtrl'x of a

mthemtl'cal program can be arranged so that the matrl'x has fom

A01 A02 ... AOn

All 0 ... O

O A

then the well-know t1'me-sav1'ng decomp051't1'on algorl'thms can be

used. For other numerl'cal calculatl’ons the dl'scovery and exp101'ta-

tl'on of block angularl'ty can be J'ust as useful. We descrl'be a

method for fl'ndl'ng block-angular structures 1'n matrl'ces. We spec1'fy
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the problem, outll'ne the algorl'tm for solv1'ng 1't whl'le 1'llus-

tratl’ng w1'th an example, detal’l the steps of the algorl'thm, and

relate some of our computl'ng experl’ence. The technl'ques for the

most part are not new. The1'r combl'natl'on 1's. We have borrowed

freely from dl'rected and b1'part1'te graph theory.

DOUGMS J. WILDE, Stanford Unl'ver51'ty, Stanford, and

J.M. SMCHEZ-MTON, 1m Corporatl'on, Madrl’d

ConSL'der the problem of fl'ndl'ng the ml'nl'mum value of a scalar

obJ'ectl've functl’on whose arguments are the _n components of Zn

vector elements partl'ally ordered as a Boolean lattl’ce. If the

functl'on 1's strl'ctly decreaSL'ng along any shortest path from the

ml'nl'mm p01'nt to L'ts logl'cal complement, then the ml'nl'mum can be

located prec1’sely after sequentl'al measurement of the obJ'ectl've

functl'on at _n + l pox'nts. Thl's result suggests a new ll'ne of

research on d1'screte optl'ml'zatl'on problems.

A.C. WILLIMS and CAM MLINA, Mobl'l Research and Development Corp.,

Pr1'nceton, N.J.

Generall’zed L1'near MProrml'n

Our purpose 1's to gl've a new, elementary, self-contal'ned account

of the theory of ll'near progrml'ng 1'n 1'nf1'n1'te dl'men51'ona1 spaces.

The theory 1's developed from the approprl'ate generall’zatl'on of the

Farkas Lema, thereby provx’dl'ng an 1'nf1'n1'te dl'menSL'onal theory whl'ch

closely parallels the fx'nl'te dl'men31'onal theory.

The exten51'ons of the theory of fl'nl'te ll’near progrms to the

case of ll‘near programs 1'n more general ll'near spaces was l'nl'tl'ated

by Duffl’n L'n hl's fundamental paper 1'n 1956 [l]. Duffl'n l'ntroduced
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the essentl’al 1'ngred1'ents of a theory of progrm1’ng 1'n ll'near

spaces,‘ nmely, (l) the replacement of constral'nt equall'tl'es and

1'nequa11't1'es by the requl'rement that the 1'nd1'cated quantl'tl'es 11'e

1'n gl'ven closed convex cones, (2) the notl'on of subcon51'stency of

the constral’nt set, and (3) the notl'on that the only two requl're-

ments that need to be spec1'f1'ed for the topologl’es of the ll'near

spaces 1'nvolved are that they be locally convex, so that the sepa—

ratl'ng hyperplane theorem holds, and also that they be reflexl've so

that prl'mal and dual progrms are smetrl'cally related.

Ben Israel, Charnes, Ko‘rtanek [2] have made a Sl'gnl'fl'cant con-

tr1'but1'on by 1'mp11'c1'tly r101'nt1'ng out that to study progrms 1'n

qul’te general ll'near spaces l't suffl'ces to study f1'n1'te ll'near

progrms modl'fl'w only by the replacement of constral‘nt equall'tl'es

and 1'nequa11't1'es by general closed convex cones. Thel'r paper,

however, contal'ns an error and 1's not complete, Sl'nce thel'r theory

does not prov1'de a one-to-one relatl'onshl‘p between prl'mal and dual

propertl'es. The present paper prov1'des thl‘s completl'on. We shall

show, also, how th1's leads l'medl'ately to the results of R.T.

Rockafellar [3], 1'n wh1'ch ex1'stence of optl'mal solutl'ons and absence

of duall'ty gaps are related to the notl'ons of stabl'll'ty. F1'nally,

the 1'nterpretat1'on of the dual solutl'on as a measure of the rate of

change of the prl'mal optl'mal value w1'th the 1'nhomogeneous tem 1's

extended to the more general case.

[1] Mn. of Math. Studl'es, no. 38, Prl'nceton Unl'v. Press. 1956,

pp. 157-170.

[2] Bull. m. Math. Soc., 75 (1969), pp. 318—324.

[3] Pac. J. of Math., 2], (1967), pp. 167-187.

K.P. WONG, Unl'verSL'ty of Bl'ml'nghm, Bl'ml'nghm

4Comuter glmlementatl'on _of #DecomOSL‘tl'on _of Nonll'near Convex

Separable Progrmes J.'n the Dual Dl'rectl'on

 

 

Thl's w1'll be a report on prell'ml'nary testl'ngs of Professor
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T.O.M. KronSJ'o"'s decompOSL'tl'onal scheme. At the tL'me of wrl'tl'ng

el'ght problems 1'nvolv1'ng $1'x to twenty-one varl'ables md two to

seventeen constral'nts, grouped 1'nto two to nl'ne subproblems, have

been solved dl'rectly and by decomp081't1'on. For the type of problem

conSL’dered, the computer tl'me requl'red to solve a problem d1'rect1y

1's generally less than that requl'red by decomp051't1'on when the num-

ber of varl'ables 1'nvolved 1's fl’fteen or less. However, the fomer

tends to rl'se steeply as the umber of varl'ables l'ncreases beyond

f1'fteen. On the other hand, the latter r1'ses at a relatl'vely slow

rate as the 51'2e of the problem 1'ncreases. The accompanyl'ng dl'a-

grm prov1'des a b1'rd's-eye v1'ew of the perfomnce of decomp051't1'on

v1's-a-v1's the dl'rect method of solutl'on. Further 1'nvest1’gat1'ons are

under way, the outcome of whl'ch w1'11 be presented at the smp051'um.

Computer Tl'me
(Ml'nutes)

 

P1416 18 20 22

No. of Varl'ables

o ----- Decomp031't1'on
 D1'rect Solutl‘on
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R.E.D. WOOLSEY, Colorado School of Ml'nes, Golden

 

The author w1'll rev1'ew the state of the art of actually attemptl'ng

to solve (as opposed to devx'SL'ng new algorl'thms for) 1'nteger

program1’ng problems. Thl's revr’ew w1'll be based wholly on the

computatl'onal experl'ence of the author and others, u31’ng aval'lable

codes and comon sense. Varl'ous spec1'a1 technl'ques 1'n formulatl'on,

and refomulatl'on, w1'11 be p01'nted out whl'ch have materl'ally al'ded

progress on varl'ous types of codes and problems.

No panaceas w1'll be presented, but rather the accumulated results

of some years of b1'tter experl'ence l'n attemptl'ng to run problems

of type X on code Y.

W.W.G. YEH, A.J. ASHW and W.A. ML, Unl'ver51'ty of Call'fornl'a,

Los Angeles

LOtl'mal #Plannl'n and LOeratl'on _of_a4Mult1'le LPurose Reserv01'r

S#stem

 

A method 1's developed for the determl'natl'on of optl'mal contract

levels and optl'mal operatl'ng poll'c1'es of a multl'ple-purpose water

resources system. The system 1's capable of produc1’ng f1'm power

and f1'rm water w1'th flood control and mandatory releases for water

quall'ty, fl'sh and w1'ld11'fe and nav1'gat1'on as parmetrl'c constral'nts.

The method used 1'n obtal'nl'ng the optl'mal solutl'on l'nvolves the

combl'natl'on of dynaml'c programx’ng and a modl'fl'ed gradl'ent technl'que.

Wnaml’c programl'ng optl'ml'zes the sequentl'al dec1'51'on makl'ng process

whl'le the gradl ent technl'que forces the system to achl'eve L'ts op-

tl'mall'ty by constral'nts whl'ch recurs1'vely prevent nonoptl'mal be-

hav1or. The 1'nput to the system 1's the stremflow records. The ob-

J'ectl've functl'on 1's the returns obtal'ned from the sale of fl'm
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power and fl'm water for all plannl'ng perl'ods. The state var1'able

1's the storage level 1'n the reserv01'r wh1'le all the dec1'51'ons are

1'mbeded 1'n a Sl'ngle dec1'51'on var1'able, 1'.e., the release poll'cy.

The result of the analys1's 1's a unl'que set of optl'mal releases for

each perl'od of the plannl'ng horl'zon such that the obJ'ectl've

functl'on 1's max1'm1'zed. Due to the stochastl'c nature of the 1’nput,

a f1'rst order Markowchal'n model 1's ut1'11'zed to generate equally

ll'kely hydrographs. The generated hydrographs mal'ntal'n the fl'rst

three moments of the h1'stor1'cal records and would have more

extreme events. These generated hydrographs are then used to

determl'ne a set of long-term fl'm contract levels. The mean,

standard dev1'at1'on and frequency d1’str1’but1'on are deteml'ned.

Upon thl's 1'nformat1'on an optl'mum poll'cy rl'sk relatl'onshl'p 1's

derl'ved. The method 1's appll'ed to Shasta Reserv01'r 1'n Northern

Call'fornl'a, U.S.A.

FRIEDA F. GWOT, Unl'verSL'te’ de Montre’al, Montre’al, and

PETER L. WR, Unl'ver31'te’ de Montre’al and Technl'on, Hal'fa.

The "resolvant" R(x],..., xn) of a(system) of ll'near or non-

11'near 1'nequa11't1'es 1'n 0-1 varl'ables 1's- defl'ned as bel'ng a Boolean

functl'on w1°th the property that the gl'ven system holds for those

and only those values of the varl'ables, for whl'ch R(x ,..., xn) = 0.
l

m eff1'c1'ent way of constructl'ng the resolvant 1's gl'ven. It 1's

Show, that the resolvant can be used for the constructl'on of a

sequence of Boolean functl'ons R(x],..., xn) (k —- 0,1,2,...) such

that the fl'rst k for whl'ch the equatl'on R(xl,...,xn) -— 0 becomes

1'nfea31'ble (and there 1's a Sl'mple test of feas1'b1'11'ty), deter-

m1'nes the optl'mal value of the obJ'ectl've functl'on under the gl'ven

constra1'nts,‘ once th1's value 1's know, the deteml'natl'on of all

the opt1'm1'21'ng p01'nts can be carrl'ed out el'ther by u51'ng the Sl'm-
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plex mthod (1'n the ll'near case), or by solv1'ng a Boolean

equatl'on.

F1'na11y, 1't 1's Show that any ll'near or nonll’near system of

constral'nts 1'n 0-1 varl'ables, 1's equl'valent to the system of con-

stral'nts of a generall'zed coverl'ng problem (M _> b, where all the

elements of the matrl'x A are equal to 0, +1 or -l), and a B-B-B-

method 1's dev1’ced for solv1'ng such problems.

[I] FRIEDA GMOT and PETER L. MR, On the Use of Boolean

equatl'ons l'n Bl'valent Progrml’ng. Technl'on, Ml'meograph

Serl'es on Operatl'ons Research, Statl'stl'cs and Economl'cs,

nr. 73, 1970.
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